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Àííîòàöèÿ

Â çàäà÷å Ïðîíè ñ âàðèàöèîííîé öåëåâîé �óíêöèåé àïïðîêñèìàöèè íà-

áëþäåíèé x ñóììîé ýêñïîíåíò ïîëó÷åíû âûðàæåíèÿ äëÿ êðèòè÷åñêèõ

òî÷åê è âòîðûõ ïðîèçâîäíûõ íåÿâíîé çàâèñèìîñòè θ(x) ïîêàçàòåëåé

ýêñïîíåíò îò âîçìóùåíèé â äàííûõ x . Ïðåäëîæåíû îöåíêè ñâåðõó äëÿ

âòîðûõ ïðèðàùåíèé ñ îïðåäåëåíèåì îáëàñòè ïðèåìëåìîãî ïî òî÷íî-

ñòè îïèñàíèÿ θ(x) ëèíåéíûì îòîáðàæåíèåì. Êàê ñëåäñòâèå, ïîëó÷åíû

îöåíêè ñíèçó äëÿ íîðì îòêëîíåíèé θ(x) ïðè ìàëûõ âîçìóùåíèÿõ â x .

Ïðèâåäåíî ñðàâíåíèå ñ îöåíêàìè ñâåðõó äëÿ íîðì îòêëîíåíèé θ(x) ïî

íåðàâåíñòâó Óèëêèíñîíà.
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Abstrat

In the variational Prony problem of approximating observations x by the

sum of exponentials, expressions are obtained for ritial points and seond

derivatives of the impliit funtion θ(x) of exponents' dependene on x

data. Upper bounds are proposed for the seond order inrements ‖∆2θ‖
with a desription of the ∆x area where θ(x) is approximately linear.

As a onsequene, the lower bounds for ‖∆θ‖ are obtained for small

perturbations in x . A omparison with the upper bounds for ‖∆θ‖ by

Wilkinson's inequality is given.

Keywords

Di�erene equations, parameter identi�ation, approximations by the sum

of exponentials, variational Prony problem, loal stability.

Funding

The study was arried out within the framework of the state ontrat of the

Sobolev Institute of Mathematis (projet no. FWNF-2022-0008)

For itation

Lomov A. A.On loal stability in the omplete Prony problem // Mat.

Trudy, 2024, vol. 27, no. 1, pp. 96-138. DOI 10.25205/1560-750X-2024-27-

1-96-138

� 1. Ââåäåíèå

Â ñòàòüå áóäåì ðàññìàòðèâàòü ÷àñòíûé ñëó÷àé çàäà÷è Ïðîíè [1℄ � âîñ-

ñòàíîâëåíèå ñóììû ýêñïîíåíò ñ âåùåñòâåííûìè ïîêàçàòåëÿìè ïî íàáëþäå-

íèÿì ñ âîçìóùåíèÿìè. Îáùèé ñëó÷àé êîìïëåêñíûõ ïîêàçàòåëåé èçó÷àëñÿ

â [2℄; çäåñü ðàññìàòðèâàåòñÿ ÷àñòíûé ñëó÷àé ñ öåëüþ ïîëó÷èòü áîëåå ñèëü-

íûå îöåíêè, ÷åì â [2℄.

Ïðîáëåìà óñòîé÷èâîñòè â çàäà÷å âîññòàíîâëåíèÿ ïîêàçàòåëåé ýêñïî-

íåíò, ïî-âèäèìîìó, âïåðâûå áûëà ïîñòàâëåíà Ê.Ëàíöîøåì â 1956 ã.; íà
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98 Î ëîêàëüíîé óñòîé÷èâîñòè â ïîëíîé çàäà÷å Ïðîíè

ïðîñòîì ïðèìåðå îí ïîêàçàë, ÷òî äëÿ âûäåëåíèÿ òðåõ âåùåñòâåííûõ ýêñ-

ïîíåíò èç íàáëþäåíèé ñóììû íóæíà îòíîñèòåëüíàÿ òî÷íîñòü íàáëþäåíèé

çàâåäîìî âûøå, ÷åì â òðåòüåì çíàêå ìàíòèññû [3, IV.�23℄.

Ñâîéñòâà ðåøåíèé çàäà÷è Ïðîíè ïîëíîñòüþ îïðåäåëÿþòñÿ âûáðàííîé

öåëåâîé �óíêöèåé; ïîíÿòíî æåëàíèå íàéòè öåëåâóþ �óíêöèþ, ãàðàíòèðó-

þùóþ óñòîé÷èâîñòü, êàê ìèíèìóì, â ïðèìåðå Ê.Ëàíöîøà.

Èçâåñòíû òðè ïîäõîäà ê ðåøåíèþ çàäà÷è Ïðîíè: 1) êëàññè÷åñêèé, ïó-

òåì ðåøåíèÿ ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé â ïðåäïîëîæåíèè íóëå-

âûõ âîçìóùåíèé â íàáëþäåíèÿõ [1℄; 2) ëèíåéíûé ìåòîä íàèìåíüøèõ êâàä-

ðàòîâ (ÌÍÊ) ñ öåëåâîé �óíêöèåé ïî íåâÿçêå óðàâíåíèÿ [4, 5℄; 3) íåëèíåé-

íûé ìåòîä íàèìåíüøèõ êâàäðàòîâ ñ ¾âàðèàöèîííîé¿ öåëåâîé �óíêöèåé

[4, 6, 7, 8, 9, 10, 11℄. Çàäà÷ó Ïðîíè ñ öåëåâîé �óíêöèåé òðåòüåãî òèïà ìû

íàçûâàåì ïîëíîé, èëè âàðèàöèîííîé. Âû÷èñëèòåëüíûå çàòðàòû, ñâÿçàí-

íûå ñ èòåðàòèâíûì ïîèñêîì ìèíèìóìà â ïîëíîé çàäà÷å Ïðîíè, �îðìàëü-

íî îïðàâäûâàþòñÿ äîêàçàòåëüñòâîì ñõîäèìîñòè ðåøåíèé ê èñòèííîìó ïðè

íàêîïëåíèè íàáëþäåíèé ñî ñëó÷àéíûìè àääèòèâíûìè îøèáêàìè (íàïðè-

ìåð, îøèáêàìè îêðóãëåíèÿ) [12, 13℄; öåëåâûå �óíêöèè ïåðâîãî è âòîðîãî

òèïà òàêîé ñîñòîÿòåëüíîñòè íå îáåñïå÷èâàþò [14℄.

�åøåíèÿ θ çàäà÷ ñ ìèíèìèçàöèåé öåëåâûõ �óíêöèé èìåþò âèä íåÿâ-

íûõ �óíêöèé θ(x) îò äàííûõ x ; �óíêöèÿ θ(x) îïðåäåëÿåòñÿ óñëîâèåì

ðàâåíñòâà íóëþ ãðàäèåíòà öåëåâîé �óíêöèè. Óñòîé÷èâîñòü òàêèõ ðåøå-

íèé îïðåäåëÿåòñÿ ïðîèçâîäíûìè Ôðåøå dθ/dx [15℄. Â [16℄ áûëà ïðåäïðè-

íÿòà ïîïûòêà íà ïðèìåðå Ê.Ëàíöîøà ïîêàçàòü ïðåèìóùåñòâî ïîëíîé (âà-

ðèàöèîííîé) �îðìóëèðîâêè çàäà÷è Ïðîíè ñ òî÷êè çðåíèÿ óñòîé÷èâîñòè

ðåøåíèé. Íåîáõîäèìûå äëÿ ýòîãî ïðîèçâîäíûå dθ/dx áûëè ïîëó÷åíû â

[2, 18℄. Ïîêàçàíî [16℄, ÷òî â ïðèìåðå Ê.Ëàíöîøà ïðèåìëåìûå ïî òî÷íîñòè

îòêëîíåíèÿ â âåêòîðå θ ïîêàçàòåëåé ýêñïîíåíò (ñ îòíîñèòåëüíîé îøèáêîé

‖∆θ‖/‖θ‖ íå áîëåå îäíîé äåñÿòîé) ìîãóò áûòü ïîëó÷åíû òîëüêî ïðè ïî-

ãðåøíîñòÿõ íàáëþäåíèé íå õóæå, ÷åì â ïÿòîì çíàêå ìàíòèññû; ïðè ýòîì

ðàñ÷åòû ñ öåëåâîé �óíêöèåé ÌÍÊ íà ïîðÿäîê ìåíåå òî÷íû.

Âàæåí âîïðîñ, ïðè êàêîì óðîâíå âîçìóùåíèé ‖∆x‖ ñîõðàíÿåòñÿ áëè-

çîñòü îòîáðàæåíèÿ ∆x 7→ ∆θ(x,∆x) ê ëèíåéíîìó îòîáðàæåíèþ

∆θ(x,∆x) = θ(x+∆x)− θ(x) ≃ [dθ/dx] ·∆x.

Ïî ñóùåñòâó ýòî âîïðîñ î ïîëó÷åíèè îöåíîê äëÿ îñòàòî÷íîãî ÷ëåíà ðàç-

ëîæåíèÿ íåÿâíîé �óíêöèè â ðÿä Òåéëîðà äî ëèíåéíîãî ñëàãàåìîãî. Ïðè

îòâåòå ìû ïîëó÷àåì óñëîâèå íà ìàëîñòü âîçìóùåíèé, ïðè êîòîðîì ìîæíî

ñðàâíèâàòü öåëåâûå �óíêöèè (è ñîîòâåòñòâåííî, ðàçíûå ìåòîäû ðåøåíèÿ

îïòèìèçàöèîííûõ çàäà÷) ïî êîëè÷åñòâåííûì ïîêàçàòåëÿì óñòîé÷èâîñòè

òî÷åê ìèíèìóìà, èñõîäÿ èç ïðîèçâîäíûõ Ôðåøå dθ/dx .
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Äëÿ âàðèàöèîííîé çàäà÷è Ïðîíè ïîäîáíîãî ðîäà îöåíêè âåëè÷èíû

îêðåñòíîñòè ¾ïðèáëèæåííîé ëèíåéíîñòè¿ ∆θ(∆x) áûëè ïðåäëîæåíû â

[2℄. Íà îñíîâå òåîðåì [2℄ áûëè ðàññ÷èòàíû [18℄ îöåíêè íîðì âîçìóùåíèé,

ïðè êîòîðûõ çàâèñèìîñòü ∆θ(x,∆x) ¾íå ñèëüíî¿ îòëè÷àåòñÿ îò ëèíåéíîé.
Îêàçàëîñü, ÷òî ýòè îöåíêè íà ìíîãî ïîðÿäêîâ ìåíüøå îøèáîê îêðóãëåíèÿ

ïðè ðàñ÷åòàõ ñ äâîéíîé òî÷íîñòüþ, ÷òî íåëüçÿ íàçâàòü ïðàêòè÷åñêè ïðè-

åìëåìûì ðåçóëüòàòîì.

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ îêðåñòíîñòè ¾ïðèáëèæåííîé ëèíåé-

íîñòè¿ ∆θ(∆x) äëÿ ÷àñòíîãî ñëó÷àÿ âàðèàöèîííîé çàäà÷è Ïðîíè ñ ÷èñòî

âåùåñòâåííûìè êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Òåõíèêà ïîëó-

÷åíèÿ îöåíîê îïèðàåòñÿ íà âàðèàöèè �óíäàìåíòàëüíîãî áàçèñà èç ýêñïî-

íåíò, â îòëè÷èå îò ðàáîòû [2℄, â êîòîðîé âàðüèðîâàëèñü, ïîïðîñòó ãîâîðÿ,

êîý��èöèåíòû ðàçíîñòíîãî óðàâíåíèÿ. �àñ÷åòû ïî íîâûì îöåíêàì òàêæå

ïîêàçûâàþò, ÷òî äîïóñòèìûé óðîâåíü âîçìóùåíèé ñóùåñòâåííî ìåíüøå

îøèáîê îêðóãëåíèÿ ïðè ðàñ÷åòàõ ñ äâîéíîé òî÷íîñòüþ.

Îòìå÷åííûå �àêòû íå ïîçâîëÿþò ñ÷èòàòü âîïðîñ î ëîêàëüíîé óñòîé-

÷èâîñòè â ïîëíîé çàäà÷å Ïðîíè çàêðûòûì.

� 2. Ïîñòàíîâêà çàäà÷è

Ïóñòü äàíî ëèíåéíîå ïîäïðîñòðàíñòâî Y ⊂ R
N

ðåøåíèé

y
.
=
[
y1; . . . ; yN

]
∈ R

N

îäíîðîäíîãî ðàçíîñòíîãî óðàâíåíèÿ ñ âåùåñòâåííûìè êîý��èöèåíòàìè

1

yk+n + αn−1yk+n−1 + . . .+ α0yk = 0, k = 1, N − n. (1)

Áóäåì ñ÷èòàòü, ÷òî õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

α(ζ)
.
= ζn + αn−1ζ

n−1 + . . .+ α0 (2)

èìååò òîëüêî âåùåñòâåííûå êîðíè ζ1, . . . , ζn , áåç êðàòíûõ è íóëåâûõ. Òîãäà
â Y ìîæíî âûáðàòü áàçèñ èç ñòîëáöîâ �óíäàìåíòàëüíîé ìàòðèöû

H =








1 . . . 1
ζ1 . . . ζn
...

...
ζN−1
1 . . . ζN−1

n







.

1

Ïðèíÿòû îáîçíà÷åíèÿ

[
A B

] .
= [A,B] , [ AB ]

.
= [A;B] , ⊤ � ñèìâîë òðàíñïîíèðî-

âàíèÿ,

.
= � çíàê ðàâåíñòâà ïî îïðåäåëåíèþ.
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100 Î ëîêàëüíîé óñòîé÷èâîñòè â ïîëíîé çàäà÷å Ïðîíè

Îïðåäåëèì âåêòîðíûé ïàðàìåòð θ
.
=
[
ζ1; . . . ; ζn

]
∈ R

n
, H = H(θ) ,

Y = Y(θ) . Âûáåðåì ïðîèçâîëüíóþ òî÷êó x
.
=
[
x1; . . . ; xN

]
∈ R

N
, êîòî-

ðóþ áóäåì íàçûâàòü äàííûìè çàäà÷è, èëè íàáëþäåíèÿìè. Ïîñòàâèì çàäà-

÷ó Ïðîíè àïïðîêñèìàöèè äàííûõ x ¾íàèëó÷øèì¿ ðåøåíèåì y ðàçíîñò-

íîãî óðàâíåíèÿ (1). Öåëåâàÿ �óíêöèÿ âàðèàöèîííîé (¾ïîëíîé¿) çàäà÷è

Ïðîíè îòíîñèòåëüíî íåèçâåñòíîãî ïàðàìåòðà θ èìååò âèä

2

[4℄

J(θ, x) = ‖x− x̂(θ)‖2, x̂(θ)
.
= argmin

y∈Yθ

‖x− y‖2.

Âåëè÷èíó x̂(θ) ìîæíî íàçâàòü àïïðîêñèìàöèåé x . Ó÷èòûâàÿ ðàâåíñòâî

x̂(θ) = H
(
H⊤H

)−1
H⊤x

.
= Πx, (3)

çàïèøåì

J(θ, x) = x⊤ (I − Π(θ)) x. (4)

Çàäà÷à ñâîäèòñÿ ê ïîèñêó òî÷êè ìèíèìóìà

θ(x)
.
= argmin

ϑ
J(ϑ, x). (5)

Îïðåäåëèì íåÿâíóþ �óíêöèþ θ(x) (5) èç óñëîâèÿ ðàâåíñòâà íóëþ ãðà-

äèåíòà öåëåâîé �óíêöèè:

J ′
θ
.
=

∂J(θ, x)

∂θ
= 0.

Ïðîèçâîäíàÿ dθ/dx âû÷èñëÿåòñÿ èç ðàçëîæåíèÿ ãðàäèåíòà â ðÿä Òåéëîðà

0 = J ′
θ(θ + dθ, x+ dx) = 0 + J ′′

θθ(θ, x)dθ + J ′′
θx(θ, x)dx+R,

èç êîòîðîãî ñëåäóåò

dθ

dx
= − (J ′′

θθ)
−1

J ′′
θx.

Íàñ áóäåò èíòåðåñîâàòü ðàçëîæåíèå â ðÿä Òåéëîðà ñàìîé âåêòîð-�óíêöèè

θ(x) , ñ îñòàòî÷íûì ÷ëåíîì âòîðîãî ïîðÿäêà â �îðìå Ëàãðàíæà:

θ(x+∆x)−θ(x) =

[
dθ

dx

]

∆x+ 1
2








∆x⊤
[
d2ζ1
dx2 (x+ τn∆x, θ)

]

∆x

...

∆x⊤
[
d2ζn
dx2 (x+ τn∆x, θ)

]

∆x








.
= ∆1θ+∆2θ,

τi ∈ (0, 1), i = 1, n. (6)

2

Èñïîëüçóåì åâêëèäîâó íîðìó âåêòîðîâ è ñîãëàñîâàííóþ ñ íåé îïåðàòîðíóþ [17℄

íîðìó ìàòðèö ‖ · ‖ .
= ‖ · ‖2 . Ôðîáåíèóñîâñêóþ íîðìó ìàòðèö îáîçíà÷àåì ‖ · ‖F .
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Ëîìîâ À. À. 101

Îêðåñòíîñòü

B(x)
.
= {x+∆x : ‖∆x‖ < ε

.
= εx‖x‖} ⊂ R

N , (7)

â êîòîðîé íîðìà îñòàòî÷íîãî ÷ëåíà ‖∆2θ‖ îãðàíè÷åíà íåðàâåíñòâîì

‖∆2θ‖ < ε21‖∆1θ‖ ñ ìàëûì ε21 , íàçîâåì îáëàñòüþ ¾ïðèáëèæåííîé ëè-

íåéíîñòè¿ ∆θ(∆x) . Çàäà÷à ñîñòîèò â íàõîæäåíèè îöåíîê äëÿ âåëè÷èíû

εx ïðè óêàçàííîì ε21 .
Çàìåòèì, ÷òî â îáëàñòè B(x) , èñõîäÿ èç âûðàæåíèÿ äëÿ ïðîèçâîäíîé

dθ/dx è îöåíîê íîðìû îñòàòî÷íîãî ÷ëåíà ‖∆2θ‖ , ïîëó÷àþòñÿ áëèçêèå ê

íàèëó÷øèì âåðõíèå è íèæíèå îöåíêè íîðìû ïîãðåøíîñòè ðåøåíèÿ ‖∆θ‖ .
Íèæíÿÿ îöåíêà ìîæåò èñïîëüçîâàòüñÿ äëÿ äîêàçàòåëüñòâà íåâîçìîæíî-

ñòè ðåøåíèÿ îïòèìèçàöèîííîé çàäà÷è ñ óêàçàííîé òî÷íîñòüþ ïðè èçâåñò-

íûõ ïîãðåøíîñòÿõ ‖∆x‖ . Âûðàæåíèÿ äëÿ ïîãðåøíîñòè ïåðâîãî ïîðÿäêà

∆1θ , ïîëó÷àåìûå ÷åðåç ïðîèçâîäíóþ dθ/dx , ìîãóò ñëóæèòü èíñòðóìåí-

òîì ñðàâíåíèÿ ðàçëè÷íûõ öåëåâûõ �óíêöèé [18℄ â îêðåñòíîñòè B(x) .

� 3. Êðèòè÷åñêèå òî÷êè öåëåâîé �óíêöèè

Ââåäåì îáîçíà÷åíèÿ

J ′
i
.
=

∂J

∂ζi
, H ′

i
.
= H ′

ζi

.
=

∂H

∂ζi
, Π′

i
.
= Π′

ζi

.
=

∂H

∂ζi
,

òîãäà

J ′
i = −x⊤Π′

ix,

Π′
i = H ′

i

(
H⊤H

)−1
H⊤ +H

(
H⊤H

)−1
H ′⊤

i

−H
(
H⊤H

)−1 (
H ′⊤

i H +H⊤H ′
i

) (
H⊤H

)−1
H⊤,

ãäå

H ′
i =








0 . . . 0 . . . 0
0 . . . 1 . . . 0
...

...
...

0 . . . (N − 1) ζN−2
i . . . 0







. (8)

Êðèòè÷åñêèå òî÷êè âû÷èñëÿþòñÿ èç ñèñòåìû óðàâíåíèé J ′
i = 0 ,

i = 1, n . Ïîëó÷èì áîëåå ïðîñòîé ýêâèâàëåíò ýòîé ñèñòåìû óðàâíåíèé.

Îïðåäåëèì îáîçíà÷åíèÿ

H
.
=
[
h1 . . . hn

]
, h′

i
.
=

∂

∂ζi
hi, H ′ .

=
[
h′
1 . . . h′

n

]
(9)

(îáðàòèì âíèìàíèå íà ðàçëè÷èÿ ìåæäó H ′
è H ′

i (8)).
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102 Î ëîêàëüíîé óñòîé÷èâîñòè â ïîëíîé çàäà÷å Ïðîíè

Îïðåäåëåíèå 1. Äàííûå x íàçûâàåì ¾ïîëíûìè¿, åñëè àïïðîêñèìàöèÿ

(3) x̂(θ) = H(θ)c , c
.
=
(
H⊤H

)−1
H⊤x èìååò âñå êîìïîíåíòû â âåêòîðå c

íåíóëåâûìè:

x̂ = Hc = c1h1 + · · ·+ cnhn, ci 6= 0, i = 1, n.

Äðóãèìè ñëîâàìè, äàííûå x ïîëíû, åñëè â àïïðîêñèìàöèè ó÷àñòâóþò âñå

ñòîëáöû �óíäàìåíòàëüíîé ìàòðèöû H ðàçíîñòíîãî óðàâíåíèÿ (1).

Òåîðåìà 1. Ïðè óñëîâèè ïîëíîòû x êðèòè÷åñêèå òî÷êè θ(x) öåëåâîé
�óíêöèè J(θ, x) (4) îïèñûâàþòñÿ ñèñòåìîé óðàâíåíèé

F (θ)x = 0, F (θ)
.
= H ′⊤ (I − Π) . (10)

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

Çàìå÷àíèå 1. Ñèñòåìà óðàâíåíèé (10) (êàê è öåëåâàÿ �óíêöèÿ J(θ, x)
(4)) íå èçìåíÿþòñÿ ïðè íåâûðîæäåííîé çàìåíå áàçèñà ïîäïðîñòðàíñòâà

ðåøåíèé (1): H 7→ HP, detP 6= 0 . Êàê ñëåäñòâèå, âûðàæåíèÿ äëÿ ïðîèç-

âîäíûõ è âñå îöåíêè ìîæíî ïîëó÷àòü äëÿ ëþáîé áàçèñíîé ìàòðèöû H .

Ñ ó÷åòîì îïðåäåëåíèÿ x̂ = Πx óðàâíåíèå F (θ)x = 0 äëÿ êðèòè÷åñêèõ

òî÷åê ìîæåò áûòü çàïèñàíî â âèäå

H ′⊤ (x− x̂) = 0. (11)

Ýòî óðàâíåíèå îòëè÷àåòñÿ îò òîæäåñòâà

H⊤ (x− x̂) ≡ 0

çàìåíîé H íà H ′
.

� 4. Îäíîçíà÷íîñòü îòîáðàæåíèÿ x 7→ θ(x)

Íàçîâåì íàáëþäåíèÿ x ¾÷èñòûìè¿, åñëè x = H(ϑ)c äëÿ íåêîòîðûõ

çíà÷åíèé ïàðàìåòðîâ ϑ, c ∈ R
n
. ×èñòûå íàáëþäåíèÿ ïîä÷èíÿþòñÿ óðàâ-

íåíèþ (1) ñ õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì

α(ζ) = (ζ − ϑ1) . . . (ζ − ϑn) .

Ïðåäëîæåíèå 1. ×èñòûå äàííûå x íå ïîëíû â ñìûñëå îïðåäåëåíèÿ 1

òîãäà è òîëüêî òîãäà, êîãäà x ÿâëÿåòñÿ ðåøåíèåì íåêîòîðîãî óðàâíåíèÿ

âèäà (1) ìåíüøåãî ïîðÿäêà m < n .
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Ëîìîâ À. À. 103

Äîêàçàòåëüñòâî. Ïóñòü äàííûå x íå ïîëíû, òîãäà x = c1h1 + · · · +
cn−1hn−1 (áåç îãðàíè÷åíèÿ îáùíîñòè ïîëàãàåì cn = 0 ) ïîä÷èíÿåòñÿ óðàâ-

íåíèþ (1) ñ õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì

α(ζ) = (ζ − ϑ1) . . . (ζ − ϑn−1)

ïîðÿäêà m = n− 1 < n . Îáðàòíîå òîæå âåðíî.

Ïðåäëîæåíèå 2. Äëÿ îäíîçíà÷íîñòè îòîáðàæåíèÿ x 7→ θ(x) ïðè

÷èñòûõ íàáëþäåíèÿõ x íåîáõîäèìî è äîñòàòî÷íî ïîëíîòû x â ñìûñëå

îïðåäåëåíèÿ 1.

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

�àññìîòðèì óñëîâèå ëîêàëüíîé îäíîçíà÷íîñòè îòîáðàæåíèÿ x 7→ θ(x)
ïðè äàííûõ x îáùåãî âèäà. Ïî àíàëîãèè ñ (9) îïðåäåëèì îáîçíà÷åíèå

H ′′ .
=
[
h′′
1 . . . h′′

n

]
, h′′

i
.
=

∂2

∂ζ2i
hi.

Òàêæå áóäåì îáîçíà÷àòü Dc
.
= diag [c1, . . . , cn] äèàãîíàëüíóþ ìàòðèöó ñ

äèàãîíàëüþ èç ýëåìåíòîâ âåêòîðà c = [c1, . . . , cn] .

Òåîðåìà 2. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ëîêàëüíîé îäíî-

çíà÷íîñòè îòîáðàæåíèÿ x 7→ θ(x) â ïîëíîé çàäà÷å Ïðîíè ÿâëÿåòñÿ íåâû-

ðîæäåííîñòü ìàòðèöû H ′⊤H ′Dc −Dp, ãäå c =
(
H⊤H

)−1
H⊤x � êîý��è-

öèåíòû ðàçëîæåíèÿ àïïðîêñèìàöèè x̂ = Hc ïî �óíäàìåíòàëüíîé ñèñòåìå

ðåøåíèé óðàâíåíèÿ (1), è p = H ′′⊤ (x− x̂) .

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

Ñëåäñòâèå 1. Â ñëó÷àå ìàëûõ âîçìóùåíèé ‖x−x̂‖ ≪ ‖x‖ íåîáõîäèìûì

è äîñòàòî÷íûì óñëîâèåì ëîêàëüíîé îäíîçíà÷íîñòè îòîáðàæåíèÿ x 7→ θ(x)
â ïîëíîé çàäà÷å Ïðîíè ÿâëÿåòñÿ ïîëíîòà íàáëþäåíèé x .

Äîêàçàòåëüñòâî. Ïðè ìàëûõ âîçìóùåíèÿõ âåðíî ñîîòíîøåíèå ‖H ′⊤H ′Dc‖
≫ ‖Dp‖ , ïîýòîìó êðèòåðèé òåîðåìû 2 ñâîäèòñÿ ê íåâûðîæäåííîñòè ìàò-

ðèöû H ′⊤H ′Dc è, ââèäó ëèíåéíîé íåçàâèñèìîñòè ñòîëáöîâ ìàòðèöû H ′
,

ê íåâûðîæäåííîñòè ìàòðèöû Dc . Ïîñëåäíåå ðàâíîñèëüíî îòñóòñòâèþ íó-

ëåâûõ ýëåìåíòîâ â âåêòîðå c , ò. å. ïîëíîòå íàáëþäåíèé x .

� 5. Âòîðûå ïðîèçâîäíûå íåÿâíîé �óíêöèè θ(x)
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104 Î ëîêàëüíîé óñòîé÷èâîñòè â ïîëíîé çàäà÷å Ïðîíè

Íåÿâíàÿ âåêòîð-�óíêöèÿ θ(x) îïðåäåëåíà ñèñòåìîé óðàâíåíèé F (θ)x =
0 , ãäå

F (θ) = H ′⊤ (I −Π)
.
=
[
f1 . . . fN

]
∈ R

n×N .

Ñ ó÷åòîì çàìåíû J ′
θ íà Fx , ëåììà 1 èç ñòàòüè [2℄ ïåðåéäåò â ñëåäóþùåå

óòâåðæäåíèå.

Òåîðåìà 3. Îïðåäåëèì ìàòðèöó ÷àñòíûõ ïðîèçâîäíûõ Q
.
= (Fx)′θ ∈

R
n×n

. Âåðíû âûðàæåíèÿ:

dθ

dx
= −Q−1F ∈ R

n×N ,
dθ

dxk

= −Q−1fk ∈ R
n,

d2θ

dxjdxk

= −Q−1AkQ
−1fj +Q−1Q′

xj
Q−1fk ∈ R

n, (12)

Ak
.
=
[
a1,k . . . an,k

]
, ai,k

.
= Q′

ζi
Q−1fk − (fk)

′
ζi
∈ R

n×1,

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

Äëÿ ïîëó÷åíèÿ ìàòðè÷íîé �îðìû çàïèñè âòîðîé ïðîèçâîäíîé ðàññìîò-

ðèì �îðìóëû äëÿ ïðèðàùåíèé. Õîä ðàññóæäåíèé ñëåäóþùèé. Ïóñòü âå-

ùåñòâåííîçíà÷íàÿ �óíêöèÿ f = f(θ, x) ñ âåùåñòâåííûìè àðãóìåíòàìè

θ, x èìååò âñå íåîáõîäèìûå ïðîèçâîäíûå; ðàññìîòðèì ïðèðàùåíèå ïåðâî-

ãî äè��åðåíöèàëà:

d1 (d1f)
.
= d21f

.
= d2f = (df)′θ dθ + (df)′x dx

= (f ′
xdx+ f ′

θdθ)
′
θ dθ + (f ′

xdx+ f ′
θdθ)

′
x dx

= f ′′
θθdθdθ + 2f ′′

θxdθdx+ f ′′
xxdxdx =

[
dθ dx

]
[
f ′′
θθ f ′′

θx

f ′′
xθ f ′′

xx

] [
dθ
dx

]

= 2d2f,

(13)

ãäå d2f � ñëàãàåìîå âòîðîãî ïîðÿäêà ìàëîñòè â ðÿäå Òåéëîðà ñ îñòàòî÷íûì

÷ëåíîì R3 ∼ O(‖ [dθ, dx] ‖3) ,

df = d1f + d2f +R3 =
[
f ′
ζ f ′

x

]
[
dθ
dx

]

+
1

2

[
dθ dx

]
[
f ′′
θθ f ′′

θx

f ′′
xθ f ′′

xx

] [
dθ
dx

]

+R3.

Èñõîäÿ èç ïîñëåäíåãî âûðàæåíèÿ ìîæíî ÷åðåç ïðèðàùåíèå ïåðâîãî äè�-

�åðåíöèàëà ïîëó÷èòü âûðàæåíèå äëÿ ìàòðèöû âòîðûõ ïðîèçâîäíûõ.

Äàëåå ïåðâûé äè��åðåíöèàë d1f áóäåì îáîçíà÷àòü ïðîñòî df , à ñëó-
÷àè ñîâìåñòíîãî óïîìèíàíèÿ ïåðâîãî d1f è ïîëíîãî äè��åðåíöèàëà df =
d1f + d2f +R3 áóäåì îãîâàðèâàòü îñîáî.

Ñèìâîëîì δf îáîçíà÷àåì ÷àñòíîå ïðèðàùåíèå �óíêöèè f(θ, x) ïî óêà-
çàííûì àðãóìåíòàì, íàïðèìåð, δf(dθ)

.
= f ′

θdθ , δf(dx)
.
= f ′

xdx .
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Ïðåäëîæåíèå 3. Âåðíà �îðìóëà

d2θ = −Q−1δQ(dθ) · dθ − 2Q−1δF (dθ) · dx.
Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

Èñïîëüçóÿ ðàâåíñòâà d2θ = [d2ζ1; . . . ; d
2ζn] , d2ζi = dx⊤ (ζi)

′′
xx dx ,

i = 1, n , ïîëó÷àåì âûðàæåíèÿ äëÿ ìàòðèö âòîðûõ ïðîèçâîäíûõ (ζi)
′′
xx .

Òåîðåìà 4. Ìàòðèöû âòîðûõ ïðîèçâîäíûõ (ζ1)
′′
xx , . . . , (ζn)

′′
xx íåÿâíîé

�óíêöèè θ(x) = [ζ1(x); . . . ; ζn(x)] âûðàæàþòñÿ �îðìóëàìè

(θi)
′′
xx

.
= (ζi)

′′
xx = −F⊤Q−⊤






e⊤i Q
−1
(
Q′

ζ1
Q−1F − 2F ′

ζ1

)

...
e⊤i Q

−1
(
Q′

ζn
Q−1F − 2F ′

ζn

)




 , i = 1, n.

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

� 6. Îöåíêè äëÿ îñòàòî÷íîãî ÷ëåíà âòîðîãî ïîðÿäêà

Áóäåì èñïîëüçîâàòü èçâåñòíûå ñâîéñòâà îïåðàòîðíîé íîðìû.

Ëåììà 1. Âåðíû óòâåðæäåíèÿ: 1) ‖A‖ =
√

λmax(A⊤A) ; 2) ïóñòü

A
.
= [a1, . . . , an] ; íåðàâåíñòâî ‖A‖ 6

√

‖a1‖2 + . . .+ ‖an‖2 íåóëó÷øàåìî.

Â ðàçëîæåíèè (6) äëÿ êîìïîíåíò ζi(x) , i = 1, n âåêòîðà θ(x) îñòàòî÷-

íûé ÷ëåí çàïèøåì â âèäå

ri
.
= 1

2
∆x⊤ (ζi)

′′
xx ∆x, (14)

ãäå ïðîèçâîäíûå (ζi)
′′
xx áåðóòñÿ â òî÷êå θ(x), x+τi∆x , τi ∈ (0, 1) . Ïîëó÷èì

îöåíêè äëÿ ri , i = 1, n .
Ïî òåîðåìå 4

(ζi)
′′
xx = −F⊤Q−⊤






e⊤i Q
−1
(
Q′

ζ1
Q−1F − 2F ′

ζ1

)

...
e⊤i Q

−1
(
Q′

ζn
Q−1F − 2F ′

ζn

)




 .

Îòñþäà ñëåäóåò

∥
∥(ζi)

′′
xx

∥
∥ 6 ‖F‖ · ‖Q−1‖ ·

√

‖a1‖2 + . . .+ ‖an‖2 6
√
n‖F‖ · ‖Q−1‖ · ‖aj‖max,

‖aj‖max
.
= max

j
‖aj‖, aj

.
= e⊤i Q

−1
(

Q′
ζj
Q−1F − 2F ′

ζj

)

.

Ó÷èòûâàÿ ‖ei‖ = 1

‖ai‖ 6 ‖Q−1‖
(
‖Q′

ζi
‖ · ‖Q−1‖ · ‖F‖+ 2‖F ′

ζi
‖
)
.

Òîãäà

∥
∥(ζi)

′′
xx

∥
∥ 6

√
n‖F‖ · ‖Q−1‖2 ·

(
‖Q′

ζi
‖ · ‖Q−1‖ · ‖F‖+ 2‖F ′

ζi
‖
)
. (15)
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Îöåíêà ‖F‖
Äëÿ ‖F‖ ââèäó ‖[I −ΠH ]‖ = 1 âåðíà îöåíêà

‖F‖ =
∥
∥H ′⊤ [I −ΠH ]

∥
∥ 6 ‖H ′‖ .

= η01. (16)

Îöåíêè ‖H‖ , ‖H ′
i‖ , ‖H ′′

i ‖ , ‖H ′′′
i ‖

Âûáåðåì (ñì. çàìå÷àíèå 1) �óíäàìåíòàëüíóþ ìàòðèöó â âèäå

H =








1 . . . 1 ζ1−N
m+1 . . . ζ1−N

n

ζ1 . . . ζm ζ2−N
m+1 . . . ζ2−N

n
...

...
...

...
ζN−1
1 . . . ζN−1

m 1 . . . 1







,

{

|ζi| 6 1, i = 1, m,

|ζj| > 1, j = m+ 1, n.

(17)

Çäåñü íà ïåðâûõ ìåñòàõ ïîñòàâëåíû ñòîëáöû, îáðàçîâàííûå ñòåïåíÿìè

êîðíåé õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà, ìîäóëü êîòîðûõ íå ïðåâîñõîäèò

1 , à íà ñòàðøèõ ìåñòàõ � ñòîëáöû, îáðàçîâàííûå êîðíÿìè ñ ìîäóëåì > 1 .
Ïðè òàêîì îïðåäåëåíèè ìîäóëü êàæäîãî ýëåìåíòà H íå ïðåâîñõîäèò 1
(à çíà÷èò, è ìîäóëü êâàäðàòà êàæäîãî ýëåìåíòà íå ïðåâîñõîäèò 1 ), è ñðà-
çó ìîæåì íàïèñàòü îöåíêó

‖H‖ 6 ‖H‖F =
√

‖h1‖2 + . . .+ ‖hn‖2 6
√
nN.

Äîêàçàòåëüñòâà ïîñëåäóþùèõ ëåìì îòíåñåíû â ïðèëîæåíèå.

Ëåììà 2. Âåðíà îöåíêà ‖H‖ .
= η0 6

√
nN.

Ëåììà 3. Äëÿ H ′
i =

[
0 . . . h′

i . . . 0
]
âåðíà îöåíêà ‖H ′

i‖
.
= η1 <

√
N3

3
. Äëÿ íîðìû ìàòðèöû ïðîèçâîäíûõ H ′ =

[
h′
1 . . . h′

n

]
âåðíà îöåíêà

‖H ′‖ .
= η01 <

√

nN3

3
.

Ëåììà 4. Äëÿ íîðìû ìàòðèöû âòîðûõ ïðîèçâîäíûõ H ′′
ζiζi

.
= H ′′

i ,

i = 1, n âåðíà îöåíêà ‖H ′′
i ‖

.
= η2 <

√
(N+1)5

5
.

Ëåììà 5. Äëÿ íîðìû ìàòðèöû òðåòüèõ ïðîèçâîäíûõ H ′′′
i , i = 1, n

âåðíà îöåíêà ‖H ′′′
i ‖

.
= η3 <

√
(N+2)7

7
.

Ëåììà 6. Âåðíà îöåíêà

∥
∥
∥

(
H⊤H

)−1
∥
∥
∥

.
= µ 6

[

nn−1maxi |ζi|N−1

∏

16i<j6n (ζi − ζj)

]2

6

[

nn−1maxi |ζi|N−1

{min16i<j6n (ζi − ζj)}
n(n−1)

2

]2

.
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Îöåíêà ‖F ′
ζi
‖

Âåðíî ðàâåíñòâî

F ′
ζi
=
(
H ′⊤ [I − ΠH ]

)′

ζi
= H ′′⊤

i [I − ΠH ] +H ′⊤ (−ΠH)
′
ζi
.

Ëåììà 7. Äëÿ íîðìû ïðîèçâîäíîé ïðîåêòîðà Π′
ζi
, i = 1, n âåðíà

îöåíêà

∥
∥Π′

ζi

∥
∥ .
= π1 6 2µη0η1

(
1 + µη20

)
. (18)

Ñ ó÷åòîì ëåìì 3, 4, 7 è ðàâåíñòâà ‖[I − ΠH ]‖ = 1 èìååì

‖F ′
ζi
‖ .
= ϕ1 6 ‖H ′′

i ‖+ ‖H ′‖
∥
∥Π′

ζi

∥
∥ 6 η2 + η01π1. (19)

Ëåììà 8. Äëÿ íîðìû âòîðîé ïðîèçâîäíîé ïðîåêòîðà Π′′
ζiζj

, i, j = 1, n

âåðíà îöåíêà

3

∥
∥
∥Π′′

ζiζj

∥
∥
∥

.
= π2 6 2µδij ‖H ′′

i ‖ ‖H‖
(
1 + µ ‖H‖2

)

+ 4µ2 ‖H ′
i‖

2 ‖H‖2
(
1 + 2µ ‖H‖2

)
+ 2µ ‖H ′

i‖
2 (

1 + 3µ ‖H‖2
)

.
= 2µδijη0η2

(
1 + µη20

)
+ 4µ2η20η

2
1

(
1 + 2µη20

)
+ 2µη21

(
1 + 3µη20

)
.

Âû÷èñëåíèå

∥
∥Q−1

∥
∥

Ïðÿìóþ îöåíêó íîðìû îáðàòíîé ìàòðèöû ‖Q−1‖ ïîëó÷èòü íå óäàåòñÿ.

Åñòü ÿâíîå âûðàæåíèå äëÿ ìàòðèöû Q â âèäå �îðìóëû, ïîýòîìó áóäåì

ñ÷èòàòü κ
.
= ‖Q−1‖F èçâåñòíîé êîíñòàíòîé. Âûïèøåì âûðàæåíèå äëÿ Q .

Q = (Fx)′θ =
[
F ′
ζ1
x . . . F ′

ζn
x
]
,

F ′
ζi
=
[
H ′⊤ (I − Π)

]′

ζi
= H ′′⊤

i (I −Π)−H ′⊤Π′
ζi
, i = 1, n, (20)

Π′
ζi
= H ′

iAH
⊤ +HAH ′⊤

i −HA
(
H ′⊤

ζi
H +H⊤H ′

ζi

)
AH⊤, A

.
=
(
H⊤H

)−1
.

Îòñþäà ñëåäóþò èñêîìûå çíà÷åíèÿ äëÿ Q è ‖Q−1‖ .

Îöåíêà ‖∆Q−1‖
Èçëîæèì ðåçóëüòàò â âèäå ëåììû.

Ëåììà 9. Åñëè Q � íåâûðîæäåííàÿ ìàòðèöà, κ
.
= κF è

‖Q−1‖ ‖∆Q‖ < 1 , òî ìàòðèöà (Q +∆Q) íåâûðîæäåíà è

∥
∥∆Q−1

∥
∥ .
=
∥
∥(Q+∆Q)−1 −Q−1

∥
∥ 6

‖∆Q‖
κ−1 − ‖∆Q‖κ.

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

3

Çäåñü è äàëåå δij =
{

1, i=j,
0, i6=j, � ñèìâîë Êðîíåêåðà.
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Îöåíêà ‖∆Q‖
Âåðíî ðàâåíñòâî

∆Q = Q′
θ∆ζ +Q′

x∆x, (21)

ãäå ïðîèçâîäíûå áåðóòñÿ â òî÷êå θ + τ∆θ, x+ τ∆x , τ ∈ (0, 1) .

Ëåììà 10. Äëÿ íîðìû ïðîèçâîäíîé ìàòðèöû Q′
ζi
, i ∈ 1, n âåðíà

îöåíêà

∥
∥Q′

ζi

∥
∥ .
= κ1 6 ‖x‖ (η2π1 + η01π2)

√

(n− 1) +

[
(η3 + η2π1)

(η2π1 + η01π2)
+ 1

]2

.

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

Äëÿ íîðìû ïðèðàùåíèÿ Q ïî x èñïîëüçóåì íåðàâåíñòâà

‖Q′
x∆x‖ 6

∥
∥Q′

x1

∥
∥∆x1 + . . .+

∥
∥Q′

xn

∥
∥∆xn 6

(∥
∥Q′

x1

∥
∥+ . . .+

∥
∥Q′

xn

∥
∥
)
‖∆x‖ .

Ïðîèçâîäíàÿ Q′
xi

ñëåäóåò èç �îðìóë (20):

Q′
xi
=
[
(fi)

′
ζ1

. . . (fi)
′
ζn

]
, (22)

ãäå fi � i -é ñòîëáåö ìàòðèöû F . Òîãäà

∥
∥Q′

xi

∥
∥ 6

∥
∥f ′

iζ1

∥
∥+ . . .+

∥
∥f ′

iζn

∥
∥ ,

îòêóäà ñëåäóåò

∥
∥Q′

x1

∥
∥+ . . .+

∥
∥Q′

xn

∥
∥ 6

∥
∥f ′

1ζ1

∥
∥+ . . .+

∥
∥f ′

1ζn

∥
∥

+ . . .+
∥
∥f ′

nζ1

∥
∥+ . . .+

∥
∥f ′

nζn

∥
∥ 6 n2 max

i

∥
∥F ′

ζi

∥
∥ .
= n2ϕ1.

Îöåíèì íîðìó ïðèðàùåíèÿ ∆Q(∆θ) .

‖∆Q(∆θ)‖ 6 max
θ∈[θ,θ+∆θ]

‖Q′
θ∆θ‖ 6

(∥
∥Q′

ζ1

∥
∥+ . . .+

∥
∥Q′

ζn

∥
∥
)
‖∆θ‖ .

Q′
ζi
=
[
F ′′
ζ1ζi

x . . . F ′′
ζnζi

x
]
,

(Fx)′′ζiζj =δijH
′′′⊤
i [I −Π] x+H ′′⊤

i (−Π)′ζj x

+ δijH
′′⊤
i (−Π)′ζi x+H ′⊤ (−Π)′′ζiζj x

(ñì. (48)).
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Ñëåäñòâèå 2. Âåðíû îöåíêè ‖Q′
θ∆θ‖ 6 nκ1 ‖∆θ‖ , ‖Q′

x∆x‖ 6 n2ϕ1 ‖∆x‖ .

Äîêàçàòåëüñòâî. Ñëåäóåò èç �îðìóëû (22) è ëåììû 10.

Ñëåäñòâèå 3. Âåðíà îöåíêà

‖∆Q‖ 6 nκ1 ‖∆θ‖+ n2ϕ1 ‖∆x‖ . (23)

Äîêàçàòåëüñòâî. Ñì. (21).

Óñëîâèå ëåììû 9 ( ‖Q−1‖ ‖∆Q‖ < 1 ) çàìåíèì íà áîëåå ñèëüíîå íåðà-

âåíñòâî

‖∆Q‖ < κ
−1 <

1

‖Q−1‖ .

Ââèäó ñëåäñòâèÿ 3 âåðíî

‖∆Q‖ 6 nκ1 ‖∆θ‖+ n2ϕ1 ‖∆x‖ < κ
−1.

Âñåãäà íóæíî ïðîâåðÿòü ýòî óñëîâèå. Åñëè îíî âûïîëíåíî, òî ïî ëåììå 9

∥
∥∆Q−1

∥
∥ .
=
∥
∥(Q +∆Q)−1 −Q−1

∥
∥ 6

‖∆Q‖
κ−1 − ‖∆Q‖κ

è

∥
∥Q−1

∥
∥ 6

∥
∥Q−1

∗

∥
∥+

∥
∥∆Q−1

∥
∥ 6

(

1 +
‖∆Q‖

κ−1 − ‖∆Q‖

)

κ =
1

κ−1 − ‖∆Q‖ . (24)

Îñòàåòñÿ îöåíèòü ‖∆Q‖ ÷åðåç ‖∆x‖ . Èñïîëüçóåì (23).

Îöåíêà ‖∆θ‖
Ïðèìåíÿÿ (24), (16) è òåîðåìó 3, ïîëó÷èì

‖∆θ‖ 6
∥
∥Q−1

∥
∥ ‖F‖ ‖∆x‖ 6

η01
κ−1 − ‖∆Q‖ ‖∆x‖ 6

η01
κ−1 − ‖∆Q‖max

‖∆x‖ ,
(25)

‖∆Q‖max < κ
−1, (26)

ãäå ‖∆Q‖max � îöåíêà ñâåðõó äëÿ ‖∆Q‖ . Íåðàâåíñòâî (26) èìååò òåõíè-
÷åñêèé õàðàêòåð.

Çàìåòèì, ÷òî ýòî ãðóáàÿ îöåíêà ïî îáëàñòè, ñð. ñ íåóëó÷øàåìîé îöåí-

êîé â òî÷êå:

‖∆θ‖ 6
∥
∥Q−1

∥
∥ ‖F‖ ‖∆x‖ 6 κη01 ‖∆x‖ .
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Îöåíêà ‖∆Q‖ (ïðîäîëæåíèå)

Ââèäó (23) è (25) âåðíû íåðàâåíñòâà

‖∆Q‖ 6 ‖∆Q‖max 6 nκ1 ‖∆θ‖+ n2ϕ1 ‖∆x‖

6

(
κ1η01

κ−1 − ‖∆Q‖max

+ nϕ1

)

n ‖∆x‖ .

Çäåñü ‖∆Q‖max èãðàåò ðîëü ïàðàìåòðà â íàøèõ îöåíêàõ è íå èìååò ïðÿ-

ìîé ñâÿçè ñ òî÷íîé âåðõíåé ãðàíèöåé çíà÷åíèé ‖∆Q‖ , êðîìå íåðàâåíñòâà
‖∆Q‖ 6 ‖∆Q‖max . Âìåñòå ñ (26) ïîëó÷àåì ñèñòåìó óñëîâèé íà ‖∆Q‖max

è ε :

‖∆Q‖max 6

(
κ1η01

κ−1 − ‖∆Q‖max

+ nϕ1

)

nε < κ
−1. (27)

�åøåíèå íåðàâåíñòâà âêëþ÷àåò â ñåáÿ òî÷êó ‖∆Q‖max = 0 . Ïðè óâåëè÷å-

íèè ‖∆Q‖max ëåâàÿ ÷àñòü íåðàâåíñòâà ðàñòåò îò íóëÿ, à ïðàâàÿ ðàñòåò

îò êîíñòàíòû, êîòîðàÿ, êàê è ñêîðîñòü ðîñòà ïðàâîé ÷àñòè, çàâèñèò îò ε .
Ïðè ìàëûõ ε ëåâàÿ ÷àñòü ïðè íåêîòîðîì ‖∆Q‖max ñðàâíèâàåòñÿ ñ ïðà-

âîé ÷àñòüþ; ïîýòîìó íàñ èíòåðåñóåò íàèìåíüøåå ïîëîæèòåëüíîå ðåøåíèå

óðàâíåíèÿ

‖∆Q‖max =

(
κ1η01

κ−1 − ‖∆Q‖max

+ nϕ1

)

nε (28)

(åñëè îíî ñóùåñòâóåò) â çàâèñèìîñòè îò ε . Åñëè ðåøåíèÿ íå ñóùåñòâóåò,

òî íå óäàåòñÿ ïîëó÷èòü âåðõíåé îöåíêè äëÿ ‖∆Q‖max , êðîìå (26), íî ýòîò

ñëó÷àé íå ÿâëÿåòñÿ ñîäåðæàòåëüíûì ââèäó (31) äàëåå. Íàøà çàäà÷à �

ïîëó÷èòü óñëîâèå íà âåðõíþþ ãðàíèöó äëÿ ε , ïðè êîòîðîé íåðàâåíñòâà

(27) äàþò áîëåå ñîäåðæàòåëüíóþ îöåíêó, ÷åì ‖∆Q‖max < κ
−1
.

Ââåäåì îáîçíà÷åíèÿ

α
.
= nκ1η01, β

.
= κ

−1, γ
.
= n2ϕ1, y

.
= ‖∆Q‖max . (29)

Ëåììà 11. Óðàâíåíèå (28) ñ ó÷åòîì îãðàíè÷åíèÿ (27)

1) ðàçðåøèìî ïðè ε òîëüêî òàêèõ, ÷òî

ε < ε1
.
=

β

γ

(

ϕ−
√

ϕ2 − 1
)

, ϕ
.
= 2

α

βγ
+ 1, (30)

2) ïðè ýòîì

y(ε) =
(β + γε)

2
−

√

(β + γε)2

4
− (α + βγ) ε
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ìîíîòîííî ðàñòåò îò 0 äî y(ε1) =
(β+γε1)

2
, çíà÷èò, y(ε) < y(ε1) ;

3) y(ε1) < β
(

1− α
βγϕ

)

, òî åñòü íà èíòåðâàëå 0 6 ε < ε1 �óíêöèÿ y(ε)

ÿâëÿåòñÿ îöåíêîé ñâåðõó äëÿ ‖∆Q‖max ëó÷øåé, ÷åì (26).

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

Çàìå÷àíèå. Â óñëîâèè ëåììû 11 íåðàâåíñòâî (30) èãðàåò ðîëü òåõíè-

÷åñêîãî âåðõíåãî îãðàíè÷åíèÿ íà ε , ïðè êîòîðîì óäàåòñÿ ïîëó÷èòü ñîäåð-

æàòåëüíóþ îöåíêó äëÿ ‖∆Q‖max .

Äàëåå âîçâðàùàåìñÿ ê (15):

∥
∥(ζi)

′′
xx

∥
∥ 6

√
n‖F‖ · ‖Q−1‖2 ·

(
‖Q′

ζi
‖ · ‖Q−1‖ · ‖F‖+ 2‖F ′

ζi
‖
)

6

√
nη01

(κ−1 − ‖∆Q‖)2
·
(

κ1η01
(κ−1 − ‖∆Q‖) + 2ϕ1

)

. (31)

Ñëåäîâàòåëüíî, îöåíêà íîðìû îñòàòêà ri (14) èìååò âèä

‖ri‖ .
=

∥
∥
∥
∥

1

2
∆x⊤ (ζi)

′′
xx ∆x

∥
∥
∥
∥

6

√
nη01

2 [κ−1 − y(ε1)]
2 ·
(

κ1η01
[κ−1 − y(ε1)]

+ 2ϕ1

)

ε2

6

√
nη01

2
[

κ−1 − β
(

1− α
βγϕ

)]2 ·




κ1η01

[

κ−1 − β
(

1− α
βγϕ

)] + 2ϕ1



 ε2

=

√
nη01

2
(

α
γϕ

)2 ·




κ1η01
(

α
γϕ

) + 2ϕ1



 ε2
.
= c2ε

2. (32)

� 7. �àñ÷åòû îáëàñòè B(x) ïðèáëèæåííîé ëèíåéíîñòè

∆θ(∆x) â ïðèìåðå Ê.Ëàíöîøà

Îáëàñòü B(x) (7) îïðåäåëÿåòñÿ óñëîâèåì ìàëîñòè íîðìû îñòàòî÷íîãî

÷ëåíà (32) ïî ñðàâíåíèþ ñî çíà÷åíèåì íîðìû ïðèðàùåíèÿ ïåðâîãî ïîðÿäêà

(25)

‖∆ζ‖ =
∥
∥Q−1F∆x

∥
∥ 6

η01
κ−1 − ‖∆Q‖max

ε, ε = εx‖x‖.

Ïðèâåäåì ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïðèìåðà Ê.Ëàíöîøà [3, IV.�23℄.

Ïðîöåññ

y(t) = 0.0951 e−t + 0.8607 e−3t + 1.5576 e−5t
(33)
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îïèñûâàåòñÿ óðàâíåíèåì y′′′+9y′′+23y′+15y = 0 , n = 3 . Äèñêðåòèçàöèÿ
ïî âðåìåíè ñ øàãîì 0.05 ïðèâîäèò ê ðàçíîñòíîìó óðàâíåíèþ

yk+3 − 2.5907 · yk+2 + 2.2298 · yk+1 − 0.6376 · yk = 0, k = 1, 21,

ñ êîðíÿìè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà

ζ1 = 0.9512, ζ2 = 0.8607, ζ3 = 0.7788.

Ïðè îêðóãëåíèè y â òðåòüåì ðàçðÿäå ïîëó÷åíû ¾äàííûå íàáëþäåíèé¿

x =
[
2.51; 2.04; 1.67; 1.37; 1.12; 0.93; 0.77; 0.64;

0.53; 0.45; 0.38; 0.32; 0.27; 0.23; 0.20; 0.17;

0.15; 0.13; 0.11; 0.10; 0.09; 0.08; 0.07; 0.06
]
, N = 24.

Çàäà÷à ñîñòîèò â îöåíêå ïàðàìåòðà θ = [ζ1; ζ2; ζ3] ïî äàííûì x . Ê.Ëàíöîø
ïîêàçàë [3, IV.�23℄, ÷òî ðåøåíèÿ ýòîé çàäà÷è íå ñóùåñòâóåò, à ïîëó÷àåìûå

ðàçíûìè ñïîñîáàìè îòâåòû áåññìûñëåííû. Ïðîáëåìà áûëà èññëåäîâàíà â

[16℄, ãäå áûëî ïîêàçàíî, ÷òî â çàäà÷å Ê.Ëàíöîøà äëÿ îöåíêè ïàðàìåò-

ðà ñ ïîãðåøíîñòüþ ‖∆θ‖/‖θ‖ = 0.1 íóæíû äàííûå x ñ îòíîñèòåëüíîé

ïîãðåøíîñòüþ íå áîëåå 10−5
, åñëè ñ÷èòàòü îòîáðàæåíèå θ(x) áëèçêèì ê

ëèíåéíîìó.

Âîïðîñ î òåîðåòè÷åñêîì äîêàçàòåëüñòâå áëèçîñòè çàâèñèìîñòè θ(x) ê

ëèíåéíîé ïðè ïðàêòè÷åñêèõ âîçìóùåíèÿõ îñòàåòñÿ îòêðûòûì, ñóäÿ ïî

ïðèâîäèìûì íèæå ðàñ÷åòàì.

Ïðè ýòîì ÷èñëåííîå ìîäåëèðîâàíèå ïîêàçûâàåò, ÷òî ðåàëüíûé ðàçáðîñ

ðåøåíèé çàäà÷è Ïðîíè ñ ðàçíûìè öåëåâûìè �óíêöèÿìè áëèçîê ê çíà÷å-

íèÿì, ïîëó÷åííûì èñõîäÿ èç ïðåäïîëîæåíèÿ î ëèíåéíîñòè θ(x) , âïëîòü
äî çíà÷åíèé εx ≃ 0.1÷ 0.3 [16, 18, 19℄.

1. Ñîïîñòàâèì ïîëó÷åííûå âåðõíèå ãðàíèöû äëÿ ïðèðàùåíèé ∆θ ïåð-

âîãî è âòîðîãî ïîðÿäêà ìàëîñòè, èñõîäÿ èç ñîîòíîøåíèÿ, íàïðèìåð, ε21 =
0.1 (ñì. (7), (32)):

0.1
η01

κ−1 − ‖∆Q‖max

ε > c2ε
2.

Îòñþäà ñëåäóåò îãðàíè÷åíèå íà óðîâåíü âîçìóùåíèé

ε 6 0.1
η01

c2

(

κ−1 − β
(

1− α
βγϕ

)) = 0.1
η01
c2

α
γϕ

.

Äëÿ ïðèìåðà Ê.Ëàíöîøà ðàñ÷åò äàåò ε . 10−21.
2. �àñ÷èòàåì ïðåäåëüíóþ âåëè÷èíó âîçìóùåíèé èñõîäÿ èç òî÷íîãî çíà-

÷åíèÿ äëÿ ëèíåéíîãî ñëàãàåìîãî è âåðõíåé îöåíêè äëÿ êâàäðàòè÷íîãî:
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ε 6 0.1
‖Q−1F‖

c2
.

Äëÿ ïðèìåðà Ê.Ëàíöîøà ïîëó÷èì ε . 10−25.
3. Âû÷èñëèì îáëàñòü äîïóñòèìûõ âîçìóùåíèé ε â äàííûõ, èñõîäÿ èç

ïðåäïîëîæåíèÿ î ïîñòîÿíñòâå ìàòðèö ïåðâûõ è âòîðûõ ïðîèçâîäíûõ â

îêðåñòíîñòè èñòèííîé òî÷êè (ýòî áóäåò âåðõíÿÿ íåóëó÷øàåìàÿ îöåíêà äëÿ

ε ), âû÷èñëÿÿ òî÷íûå çíà÷åíèÿ äëÿ ëèíåéíîãî è êâàäðàòè÷íîãî ñëàãàåìûõ.
Èñïîëüçóåì ñëåäóþùèå �îðìóëû (â ïîðÿäêå âû÷èñëåíèÿ).

Π′
ζi
=H ′

i

(
H⊤H

)−1
H⊤ +H

(
H⊤H

)−1
H ′⊤

i

−H
(
H⊤H

)−1 (
H ′⊤

i H +H⊤H ′
i

) (
H⊤H

)−1
H⊤

.
= Bi +B⊤

i − B⊤
i Π− ΠBi = (I −Π)Bi +B⊤

i (I − Π) ,

Bi
.
=H ′

i

(
H⊤H

)−1
H⊤,

F ′
ζi
=H ′′⊤

i [I − Π] +H ′⊤ [−Π]′ζi ,

Π′′
ζiζj

=
[
(I − Π)Bi +B⊤

i (I −Π)
]′

ζj

.
= Cij + C⊤

ij ,

Cij
.
= [(I − Π)Bi]

′
ζj
= [−Π]′ζj Bi + (I − Π) [Bi]

′
ζj
,

[Bi]
′
ζj
=δijH

′′
j

(
H⊤H

)−1
H⊤ +H ′

i

(
H⊤H

)−1
H ′⊤

j

−H ′
i

(
H⊤H

)−1 (
H ′⊤

j H +H⊤H ′
j

) (
H⊤H

)−1
H⊤,

F ′′
ζiζj

=δijH
′′′⊤
i [I −Π] +H ′′⊤

i [−Π]′ζj

+ δijH
′′⊤
i [−Π]′ζi +H ′⊤ [−Π]′′ζiζj ,

Q′
ζi
=
[
F ′′
ζ1ζi

x . . . F ′′
ζnζi

x
]
,

(ζk)
′′
xx = −F⊤Q−⊤






e⊤k Q
−1
(
Q′

ζ1
Q−1F − 2F ′

ζ1

)

...
e⊤k Q

−1
(
Q′

ζn
Q−1F − 2F ′

ζn

)




 , k = 1, n.

Íîðìû ìàòðèö âòîðûõ ïðîèçâîäíûõ

∥
∥(ζk)

′′
xx

∥
∥
, k = 1, 3 , x = y â ïðè-

ìåðå Ëàíöîøà ëåæàò â èíòåðâàëå (1÷ 5) · 109 . Íîðìà ìàòðèöû ïåðâûõ

ïðîèçâîäíûõ ïðèáëèæåííî ðàâíà ‖Q−1F‖ ≃ 200 . Èç ñîîòíîøåíèÿ

0.1 · 200 ε ≃ 2 · 109 ε2

ñëåäóåò ïðèáëèæåííîå íåðàâåíñòâî ε . 10−8, ïðè âûïîëíåíèè êîòîðîãî

êâàäðàòè÷íîå ïðèðàùåíèå ∆2θ ïî íîðìå íà ïîðÿäîê ìåíüøå ëèíåéíîãî

ïðèðàùåíèÿ ∆θ .
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� 8. Îöåíêè ñâåðõó äëÿ ïðèðàùåíèé ‖∆θ‖ ïî

íåðàâåíñòâó Óèëêèíñîíà

Íåðàâåíñòâî Óèëêèíñîíà [20, ñ. 180℄ èìååò âèä

εθ 6
̺

1− ̺εA
εA + ̺εb.

Ýòî íåðàâåíñòâî îïèñûâàåò ñîîòíîøåíèå ìåæäó îòíîñèòåëüíûìè âîçìó-

ùåíèÿìè

εθ
.
=

‖∆θ‖
‖θ‖ , εA

.
=

‖∆A‖
‖A‖ , εb

.
=

‖∆b‖
‖b‖

â ëèíåéíîì óðàâíåíèè

(A +∆A) (θ +∆θ) = b+∆b

ñ êâàäðàòíîé íåîñîáåííîé ìàòðèöåé A ñ ÷èñëîì îáóñëîâëåííîñòè

̺(A)
.
=
∥
∥A
∥
∥
∥
∥A−1

∥
∥ .

Äëÿ ïîëó÷åíèÿ èíòåðåñóþùåé íàñ îöåíêè ‖∆θ‖ ñ ïîìîùüþ ýòîãî íåðà-

âåíñòâà ïåðå�îðìóëèðóåì çàäà÷ó.

�àçíîñòíîå óðàâíåíèå (1) çàïèøåì â ìàòðè÷íîì âèäå (39)








y1 . . . yn yn+1

y2 . . . yn+1 yn+2

...
...

...
yN−n . . . yN−1 yN















α0

...
αn−1

1







=






0
...
0




 ,

èëè

V1(y)α = −v(y), V1(y)
.
=






y1 . . . yn
...

...
yN−n . . . yN−1




 , v(y)

.
=






yn+1

...
yN




 .

Çàìåòèì, ÷òî âåêòîðû α è θ ñâÿçàíû íåëèíåéíûì âçàèìíî-îäíîçíà÷-

íûì ïðåîáðàçîâàíèåì ÷åðåç �îðìóëû Âèåòà.

Ïóñòü x � íàáëþäåíèå, ∆x � âîçìóùåíèå,

x̂ = Π(α̂)x, x̂+∆x̂ = Π(α̂+∆α̂) (x+∆x)

� àïïðîêñèìàöèè äëÿ x è x+∆x . Âåðíû ðàâåíñòâà

V̂1α̂ = −v̂,
(

V̂1 +∆V̂1

)

(α̂ +∆α̂) = − (v̂ +∆v̂) , (34)

ãäå V̂1
.
= V1(x̂) , v̂

.
= v(x̂) . Îáîçíà÷èì V

.
= [V1, v] .
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Òåîðåìà 5. Âåðíû îöåíêè

‖∆α̂‖ 6 ρ · ‖∆V̂ ‖ · ‖α̂‖+ 1

1− ρ · ‖∆V̂ ‖
, ρ

.
= λ

−1/2
min

(

V̂ ⊤
1 V̂1

)

,

εα̂ 6 ρεx ·
1 + 1/‖α̂‖
1− ρεx

, ρ = λ
−1/2
min

(

V̂1

‖V̂ ‖

⊤
V̂1

‖V̂ ‖

)

,

ãäå εα̂
.
= ‖∆α̂‖

‖α̂‖
, εx

.
= ‖∆V̂ ‖

‖V̂ ‖
� îòíîñèòåëüíûå ïîãðåøíîñòè â êîý��èöèåíòàõ

è â íàáëþäåíèÿõ.

Äîêàçàòåëüñòâî. Ñì. ïðèëîæåíèå.

�àñ÷åòû ïî íåðàâåíñòâàì èç òåîðåìû 5 äëÿ ïðèìåðà Ê.Ëàíöîøà ñâå-

äåíû â òàáëèöó.

εx εα̂ÌÍÊ εα̂ÂÏ ρεx εα̂Wilk

10−7 5 · 10−4 6 · 10−5 6 · 10−3 8 · 10−3

10−6 5 · 10−3 6 · 10−4 0.07 0.1
10−5 0.05 6 · 10−3 0.6 2.7
10−4 0.5 0.06 > 1 ∗

Â ïåðâîì ñòîëáöå ïîêàçàí îòíîñèòåëüíûé óðîâåíü âîçìóùåíèé, äîáàâ-

ëÿåìûõ ê òî÷íîìó ðåøåíèþ y (33) äëÿ ìîäåëèðîâàíèÿ íàáëþäåíèé x .
Âî âòîðîì è òðåòüåì ñòîëáöàõ ïðèâåäåíû îöåíêè ïîãðåøíîñòåé εα̂ ðå-

øåíèé çàäà÷è Ïðîíè ñ öåëåâûìè �óíêöèÿìè ÌÍÊ è âàðèàöèîííîé. Â

ïðåäïîñëåäíåì è ïîñëåäíåì ñòîëáöàõ ïðèâåäåíû âåëè÷èíû èç íåðàâåíñòâ

òåîðåìû 5. �åàëüíûå ïîãðåøíîñòè ïðè ìîäåëèðîâàíèè ñî ñëó÷àéíûìè ïî-

ãðåøíîñòÿìè îêàçûâàþòñÿ áëèçêèìè ê çíà÷åíèÿì èç âòîðîãî è òðåòüåãî

ñòîëáöà òàáëèöû [16℄.

Èç òàáëèöû ìîæíî çàêëþ÷èòü, ÷òî âåðõíèå îöåíêè ïî íåðàâåíñòâó Óèë-

êèíñîíà íà íåñêîëüêî ïîðÿäêîâ ãðóáåå, ÷åì îöåíêè, ïîëó÷àåìûå èç òåîðåì

î ïðèðàùåíèÿõ íåÿâíûõ �óíêöèé α(x), θ(x) .
Îöåíêè äëÿ âåëè÷èíû εθ îòíîñèòåëüíîãî ðàçáðîñà êîðíåé â ïðèìåðå

Ê.Ëàíöîøà ïîëó÷àþòñÿ èç ñîîòíîøåíèÿ εθ ≃ 580 · εα̂ , ãäå êîý��èöèåíò
ïðîïîðöèîíàëüíîñòè ðàññ÷èòàí èñõîäÿ èç ñîîòíîøåíèÿ ∆α ≃ Φ∆θ , ãäå Φ
� ÿêîáèàí îòîáðàæåíèÿ èç ïðîñòðàíñòâà êîðíåé â ïðîñòðàíñòâî êîý��è-

öèåíòîâ õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà.

� 9. Ïðèëîæåíèå

Îáîçíà÷èì δH ¾÷àñòíîå ïðèðàùåíèå¿ ïðè ìàëîì èçìåíåíèè óêàçàí-

íûõ àðãóìåíòîâ:

δH(δζi1, . . . , δζim)
.
= δH(δθ)

.
=

∂H

∂ζi1
δζi1 + · · ·+ ∂H

∂ζim
δζim .
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Äîêàçàòåëüñòâî òåîðåìû 1. Öåëåâóþ �óíêöèþ (4) çàïèøåì â âèäå

J = (x−Hc)⊤ (x−Hc)
.
= J(θ, c).

Êðèòè÷åñêèå òî÷êè îïðåäåëÿþòñÿ ñèñòåìîé óðàâíåíèé

J ′
θ = 0, J ′

c = 0.

Èç âòîðîãî óðàâíåíèÿ ñëåäóåò

c =
(
H⊤H

)−1
H⊤x. (35)

Èç ïåðâîãî óðàâíåíèÿ

J ′
θ = 2 (x−Hc)⊤ (x−Hc)′θ = −2 (x−Hc)⊤H ′

θc = 0.

�àññìîòðèì ïðèðàùåíèå δJ(δθ) :

δJ = −2 (x−Hc)⊤ (δH) c. (36)

Áóäåì èñêàòü âûðàæåíèå äëÿ ïðèðàùåíèÿ â âèäå δJ
.
= g⊤δθ , òîãäà ñòðîêà

g⊤ áóäåò èñêîìîé ÷àñòíîé ïðîèçâîäíîé J ′
θ .

Èìååì

δH
.
= δH(δζ1, . . . , δζn) =

[
δh1 . . . δhn

]
=
[
h′
1δζ1 . . . h′

nδζn
]

=
[
h′
1 . . . h′

n

]
diag [δζ1, . . . , δζn]

.
= H ′Dδθ.

Îòìåòèì ñîîòíîøåíèå, âûòåêàþùåå èç îïðåäåëåíèÿ äèàãîíàëüíûõ ìàòðèö

Dδθ, Dc :

Dδθc = Dcδθ. (37)

Èç (36) è (37) ïîëó÷àåì

(δH) c = H ′Dδθc = H ′Dcδθ,

δJ = −2 (x−Hc)⊤H ′Dcδθ,

îòêóäà

J ′
θ = −2 (x−Hc)⊤H ′Dc.

Ïîäñòàâèì c (35):

J ′
θ = −2x⊤

(

I −H
(
H⊤H

)−1
H⊤
)

H ′Dc
.
= x⊤ (I − Π)H ′Dc. (38)

Ñ ó÷åòîì ïîëíîòû detDc 6= 0 óñëîâèå ýêñòðåìóìà J ′
θ = 0 ðàâíîñèëüíî

óðàâíåíèþ

H ′⊤ (I −Π)
︸ ︷︷ ︸

F (θ)

x = 0.

Òåîðåìà äîêàçàíà.
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Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 2. Ïàðàìåòð θ = [ζ1; . . . ; ζn] âçàèìíî-
îäíîçíà÷íî ñâÿçàí ñ êîý��èöèåíòàìè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà

α(ζ) = (ζ − ζ1) . . . (ζ − ζn) (2). Ïðè ÷èñòûõ íàáëþäåíèÿõ x âàðèàöèîííàÿ

çàäà÷à Ïðîíè ñâîäèòñÿ ê êëàññè÷åñêîé [1℄, ðåøàåìîé ÷åðåç ñîñòàâëåíèå ñè-

ñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî êîý��èöèåíòîâ

ìíîãî÷ëåíà α(ζ) :








x1 . . . xn xn+1

x2 . . . xn+1 xn+2

...
...

...
xN−n . . . xN−1 xN















α0

...
αn−1

1







=






0
...
0




 . (39)

Îäíîçíà÷íàÿ ðàçðåøèìîñòü ýòîé ñèñòåìû óðàâíåíèé ðàâíîñèëüíà ëèíåé-

íîé íåçàâèñèìîñòè ñòîëáöîâ ïîäìàòðèöû V1
.
=

[ x1 ... xn

...
...

xN−n ... xN−1

]

. Â ñâîþ î÷å-

ðåäü, ïîñëåäíåå óñëîâèå ðàâíîñèëüíî îòñóòñòâèþ ðåøåíèÿ α 6= 0 ó ñèñòå-

ìû óðàâíåíèé






x1 . . . xn

...
...

xN−n . . . xN−1











α0

...
αn−1




 =






0
...
0




 ,

êîòîðàÿ ðàâíîñèëüíà ñèñòåìå (1) ñ êîý��èöèåíòàìè α è èìååò ïîðÿäîê

m = n − 1 < n . Ìû ïîëó÷èëè, ÷òî ïàðàìåòð θ îäíîçíà÷íî âû÷èñëÿåòñÿ

ïî ÷èñòûì äàííûì x òîãäà è òîëüêî òîãäà, êîãäà äàííûå x íå ÿâëÿþòñÿ

ðåøåíèåì íåêîòîðîãî óðàâíåíèÿ âèäà (1) ìåíüøåãî ïîðÿäêà m < n , ò. å.
ïîëíû. Ïðåäëîæåíèå äîêàçàíî.

Äîêàçàòåëüñòâî òåîðåìû 2. Ââèäó óðàâíåíèÿ F (θ)x = 0 äîïóñòèìûå

ìàëûå ïðèðàùåíèÿ dθ, dx ñâÿçàíû óñëîâèåì

d [Fx] = dF · x+ Fdx = 0.

Ñ ó÷åòîì îïðåäåëåíèÿ (10)

Fx = H ′⊤ (I − Π) x = H ′⊤ (x− x̂)

ïîëó÷àåì

d [Fx] = d
[
H ′⊤ (x− x̂)

]
= d

[
H ′⊤x

]
− d

[
H ′⊤x̂

]
= 0.

Îòñþäà ñëåäóåò

H ′⊤dx+ dH ′⊤ · x = H ′⊤d (Πx) + dH ′⊤ · Πx.
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Ïîäñòàâèì â ýòî ðàâåíñòâî d (Πx) = dx̂ = dH · c+Hdc , ïîëó÷èì

H ′⊤dx+ dH ′⊤ · x = H ′⊤ (dH · c+Hdc) + dH ′⊤ · Πx,

èëè

H ′⊤dx+ dH ′⊤ · (I −Π) x = H ′⊤ (dH · c+Hdc) .

Ó÷òåì ñîîòíîøåíèÿ dH = H ′Ddθ , dH
′ = H ′′Ddθ è ïåðåíåñåì ñëàãàåìûå ñ

dθ â ëåâóþ ÷àñòü:

H ′⊤H ′Ddθc−DdθH
′′⊤ (I −Π) x = H ′⊤ (dx−Hdc) .

Îáîçíà÷èì p
.
= H ′′⊤ (I − Π)x = H ′′⊤ (x− x̂) . Ïîëó÷èëè ñèñòåìó óðàâíå-

íèé íà dθ
(
H ′⊤H ′Dc −Dp

)
dθ = H ′⊤ (dx−Hdc) .

Îäíîçíà÷íàÿ ðàçðåøèìîñòü ýòîé ñèñòåìû óðàâíåíèé îòíîñèòåëüíî dθ ðàâ-

íîñèëüíà íåâûðîæäåííîñòè ìàòðèöû

(
H ′⊤H ′Dc −Dp

)
. Òåîðåìà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 3. Èç ðàññóæäåíèé ðàçäåëà ñëåäóåò âûðà-

æåíèå äëÿ dθ/dx . Äàëåå ñëåäóåì ñõåìå äîêàçàòåëüñòâà [2, ëåììà 1℄.

d2θ

dxjdxk

=
d

dxj

(
−Q−1fk

) ∂

∂θ

(
−Q−1fk

)

︸ ︷︷ ︸

(1)

dθ

dxj
︸︷︷︸

−Q−1fj

+Q−1Q′
xj
Q−1fk −Q−1 ∂

∂xj

fk
︸ ︷︷ ︸

=0

.

�àñïèøåì ñîìíîæèòåëü (1):

∂

∂θ

(
−Q−1fk

)
= Q−1

(
∂

∂θ
Q

)

Q−1fk −Q−1 ∂

∂θ
fk

.
= Q−1

[
a1,k . . . an,k

]
,

ai,k
.
=

[(
∂

∂θ
Q

)

Q−1fk −
∂

∂θ
fk

]

i

= Q′
ζi
Q−1fk − (fk)

′
ζi
.

Â ðåçóëüòàòå èìååì

d2θ

dxjdxk

= −Q−1
[
a1,k . . . an,k

]
Q−1fj +Q−1Q′

xj
Q−1fk, (40)

÷òî äîêàçûâàåò òåîðåìó.

Âîçìîæíîñòü ïåðåñòàíîâêè èíäåêñîâ j, k â ïðàâîé ÷àñòè �îðìóëû 40

íå î÷åâèäíà, õîòÿ ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì äëÿ ïðîâåðêè óòâåð-

æäåíèÿ òåîðåìû.
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Óòâåðæäåíèå 1. Ïðàâàÿ ÷àñòü �îðìóëû 40 èíâàðèàíòíà îòíîñèòåëüíî

ïåðåñòàíîâêè èíäåêñîâ j, k .

Äîêàçàòåëüñòâî. Íóæíî óñòàíîâèòü ðàâåíñòâî

−AkQ
−1fj +Q′

xj
Q−1fk = −AjQ

−1fk +Q′
xk
Q−1fj .

Çäåñü Ak =
[
Q′

ζ1
Q−1fk − (fk)

′
ζ1

. . . Q′
ζn
Q−1fk − (fk)

′
ζn

]
. Â ëåâîé ÷àñòè

èìååì

− AkQ
−1fj +Q′

xj
Q−1fk

= −
[
Q′

ζ1
Q−1fk − (fk)

′
ζ1

. . . Q′
ζn
Q−1fk − (fk)

′
ζn

]
Q−1fj +Q′

xj
Q−1fk

= −
[
Q′

ζ1
Q−1fk . . . Q′

ζn
Q−1fk

]
Q−1fj +

[
(fk)

′
ζ1

. . . (fk)
′
ζn

]
Q−1fj

+Q′
xj
Q−1fk. (41)

Ïî îïðåäåëåíèþ Q
.
= (Fx)′θ , òîãäà Q′

xk
= (fk)

′
θ =

[
(fk)

′
ζ1

. . . (fk)
′
ζn

]
(ñì.

(46)) è ïðàâóþ ÷àñòü (41) ìîæíî çàïèñàòü â âèäå

−
[
Q′

ζ1
Q−1fk . . . Q′

ζn
Q−1fk

]
Q−1fj +Q′

xk
Q−1fj +Q′

xj
Q−1fk.

Ïîñëåäíèå äâà ñëàãàåìûõ î÷åâèäíî ìåíÿþòñÿ ìåñòàìè ïðè ïåðåñòàíîâêå

èíäåêñîâ j, k , ïîýòîìó îñòàåòñÿ ïðîâåðèòü ðàâåíñòâî

[
Q′

ζ1
Q−1fk . . . Q′

ζnQ
−1fk

]
Q−1fj =

[
Q′

ζ1
Q−1fj . . . Q′

ζnQ
−1fj

]
Q−1fk.

Â îáåèõ ÷àñòÿõ ðàâåíñòâà ñòîÿò âåêòîðû èç n êîìïîíåíò. Ïðîâåðèì äëÿ

ïðîèçâîëüíîé i -é êîìïîíåíòû.

e⊤i
[
Q′

ζ1
Q−1fk . . . Q′

ζn
Q−1fk

]
Q−1fj

=
[
e⊤i Q

′
ζ1
Q−1fk . . . e⊤i Q

′
ζnQ

−1fk
]
Q−1fj

= f⊤
k Q

−⊤
[
Q′⊤

ζ1
ei . . . Q′⊤

ζnei
]
Q−1fj .

Ââèäó ïîëó÷åííîãî âûðàæåíèÿ äîñòàòî÷íî äîêàçàòü ñèììåòðè÷íîñòü ìàò-

ðèöû

[
Q′⊤

ζ1
ei . . . Q′⊤

ζnei
]
=
[
Q′⊤

ζ1
ei . . . Q′⊤

ζnei
]⊤

=






e⊤i Q
′
ζ1

...
e⊤i Q

′
ζn




 .

Îáîçíà÷èì Q′
ζk

.
=
[
rk1 . . . rkn

]
. Òîãäà ïîñëåäíåå ðàâåíñòâî çàïèøåòñÿ â

âèäå 




r⊤11ei . . . r⊤n1ei
...

...
r⊤1nei . . . r⊤nnei




 =






e⊤i r11 . . . e⊤i r1n
...

...
e⊤i rn1 . . . e⊤i rnn




 .
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Âñå ýëåìåíòû â ýòèõ ìàòðèöàõ ñóòü ñêàëÿðû, ïîýòîìó êàæäûé ýëåìåíò â

ìàòðèöå ñëåâà ìîæåì òðàíñïîíèðîâàòü. Ïîëó÷èì ðàâåíñòâî






e⊤i r11 . . . e⊤i rn1
...

...
e⊤i r1n . . . e⊤i rnn




 =






e⊤i r11 . . . e⊤i r1n
...

...
e⊤i rn1 . . . e⊤i rnn




 .

Òàêèì îáðàçîì, âîïðîñ ñâåëñÿ ê ïðîâåðêå ñèììåòðè÷íîñòè rkj = rjk .
Ñîãëàñíî îïðåäåëåíèþ

[
rk1 . . . rkn

] .
= Q′

ζk
=
[
(Fx)′θ

]′

ζk
=
[
F ′
ζ1
x . . . F ′

ζnx
]′

ζk
.

Òîãäà rkj =
[

F ′
ζj
x
]′

ζk
= F ′′

ζjζk
x = F ′′

ζkζj
x = rjk , ÷òî îçíà÷àåò èñòèííîñòü

äîêàçûâàåìîãî óòâåðæäåíèÿ.

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 3. Ïðèìåíèì �îðìóëó ïðèðàùåíèé (13)

ê ñëó÷àþ f = θ(x) . Èìååì f ′
θ = θ(x)′θ = 0 (ïðîèçâîäíàÿ ÷àñòíàÿ); òîãäà

dθ = θ′xdx . Èç �îðìóëû äëÿ ïðèðàùåíèÿ äè��åðåíöèàëà èìååì

d2ζ = (dθ)′θ dθ + (dθ)′x dx = (θ′xdx)
′
θ dθ + (θ′xdx)

′
x dx.

Èñïîëüçóåì ðàâåíñòâî θ′x = −Q−1F (òåîðåìà 3):

d2θ =
(
−Q−1Fdx

)′

θ
dθ +

(
−Q−1Fdx

)′

x
dx

=
(
−Q−1Fdx

)′

ζ1
dζ1 + . . .+

(
−Q−1Fdx

)′

ζn
dζn

+
(
−Q−1Fdx

)′

x1
dx1 + . . .+

(
−Q−1Fdx

)′

xN
dxN .

Âûíåñåì dx :

d2θ =
(
−Q−1F

)′

ζ1
dζ1dx+ . . .+

(
−Q−1F

)′

ζn
dζndx

+
(
−Q−1F

)′

x1
dx1dx+ . . .+

(
−Q−1F

)′

xN
dxNdx.

Ó÷èòûâàÿ ñîîòíîøåíèÿ

F ′
xi
= 0,

(
−Q−1

)′

ζi
= Q−1Q′

ζi
Q−1,

(
−Q−1

)′

xi
= Q−1Q′

xi
Q−1,

ïîëó÷èì

d2θ =
(
Q−1Q′

ζ1Q
−1F −Q−1F ′

ζ1

)
dζ1dx+ . . .+

(
Q−1Q′

ζnQ
−1F −Q−1F ′

ζn

)
dζndx

+Q−1Q′
x1
Q−1Fdx1dx+ . . .+Q−1Q′

xN
Q−1FdxNdx.
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Óìíîæèì îáå ÷àñòè ðàâåíñòâà ñëåâà íà Q :

Qd2θ =
(
Q′

ζ1
Q−1F − F ′

ζ1

)
dζ1dx+ . . .+

(
Q′

ζnQ
−1F − F ′

ζn

)
dζndx

+Q′
x1
Q−1Fdx1dx+ . . .+Q′

xN
Q−1FdxNdx.

Ââèäó ðàâåíñòâà −Q−1Fdx = dθ ìîæåì íàïèñàòü

−Qd2θ =
(
Q′

ζ1
dθ + F ′

ζ1
dx
)
dζ1 + . . .+

(
Q′

ζndθ + F ′
ζndx

)
dζn

+Q′
x1
dx1dθ + . . .+Q′

xN
dxNdθ.

Ïîñëå ïåðåãðóïïèðîâêè ñëàãàåìûõ ïîëó÷èì

−Qd2θ =
(
Q′

ζ1
dζ1 + . . .+Q′

ζndζn
)
dθ

+ . . .+
(
F ′
ζ1dζ1 + . . .+ F ′

ζndζn
)
dx

+
(
Q′

x1
dx1 + . . .+Q′

xN
dxN

)
dθ.

Èëè êðàòêî

−Qd2θ = [δQ(dθ) + δQ(dx)] dθ + δF (dθ) · dx. (42)

Èìååò ìåñòî ñëåäóþùåå

Óòâåðæäåíèå 2. Äëÿ Q = (Fx)′θ âåðíî ðàâåíñòâî δQ(dx) ·dθ = δF (dθ) ·
dx . Çäåñü δQ(dx)

.
= Q′

x1
dx1+ . . .+Q′

xN
dxN , δF (dθ)

.
= F ′

ζ1
dζ1+ . . .+F ′

ζn
dζn .

Äîêàçàòåëüñòâî. Èìååì δQ(dx) · dθ =
(
Q′

x1
dx1 + . . .+Q′

xN
dxN

)
· dθ.

Îáîçíà÷èì F
.
=
[
f1 . . . fN

]
, òîãäà Q′

xi
=
[
f ′
iζ1

. . . f ′
iζn

] .
= (fi)

′
θ è âåðíî

ðàâåíñòâî

δQ(dx) · dθ = (f1)
′
θ dx1dθ + . . .+ (fN)

′
θ dxNdθ

= δf1(dθ)dx1 + . . .+ δfN(dθ)dxN = δF (dθ) · dx.

Óòâåðæäåíèå äîêàçàíî.

Èç (42) è óòâåðæäåíèÿ 2 ñëåäóåò ðàâåñòâî

d2θ = −Q−1δQ(dθ) · dθ − 2Q−1δF (dθ) · dx.

Ïðåäëîæåíèå äîêàçàíî.
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Äîêàçàòåëüñòâî òåîðåìû 4. Èç ïðåäëîæåíèÿ 3 èìååì

−Qd2θ =
(
Q′

ζ1dζ1 + . . .+Q′
ζndζn

)
dθ + 2

(
F ′
ζ1dζ1 + . . .+ F ′

ζndζn
)
dx.

Ó÷òåì ðàâåíñòâî dθ = −Q−1Fdx :

Qd2θ =
(
Q′

ζ1
dζ1 + . . .+Q′

ζndζn
)
Q−1Fdx− 2

(
F ′
ζ1
dζ1 + . . .+ F ′

ζndζn
)
dx

=
[(
Q′

ζ1Q
−1F − 2F ′

ζ1

)
dζ1 + . . .+

(
Q′

ζnQ
−1F − 2F ′

ζn

)
dζn
]
dx.

Îòñþäà ñëåäóåò

d2ζi = e⊤i Q
−1
[(
Q′

ζ1
Q−1F − 2F ′

ζ1

)
dζ1 + . . .+

(
Q′

ζnQ
−1F − 2F ′

ζn

)
dζn
]
dx.

Äàëåå âíåñåì ñîìíîæèòåëü e⊤i Q
−1

â ñêîáêè è â êàæäîì ñëàãàåìîì íàïè-

øåì ñêàëÿðíûå ñîìíîæèòåëè dζ1÷n ñëåâà. Ïðèäåì ê âûðàæåíèþ

d2ζi =
[
dζ1 · e⊤i Q−1

(
Q′

ζ1Q
−1F − 2F ′

ζ1

)

+ . . .+ dζn · e⊤i Q−1
(
Q′

ζnQ
−1F − 2F ′

ζn

)]
dx.

Òåïåðü ó÷òåì ðàâåíñòâî dζk = −e⊤k Q
−1Fdx . Ïîñêîëüêó ýòî ÷èñëî, ìîæåì

ïåðåñòàâèòü ñîìíîæèòåëè: dζk = −dx⊤F⊤Q−⊤ek . Ïîëó÷èì

d2ζi =− dx⊤F⊤Q−⊤
[
e1e

⊤
i Q

−1
(
Q′

ζ1Q
−1F − 2F ′

ζ1

)]
dx

− . . . . . .− dx⊤F⊤Q−⊤
[
ene

⊤
i Q

−1
(
Q′

ζnQ
−1F − 2F ′

n

)]
dx.

Âåðíåìñÿ ê ðàâåíñòâó (13):

d2ζi = dx⊤ (ζi)
′′
xx dx.

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùåå âûðàæåíèå äëÿ ìàòðèöû âòîðûõ ïðîèç-

âîäíûõ:

(ζi)
′′
xx = −F⊤Q−⊤

[
e1e

⊤
i Q

−1
(
Q′

ζ1Q
−1F − 2F ′

ζ1

)

+ . . .+ ene
⊤
i Q

−1
(
Q′

ζnQ
−1F − 2F ′

ζn

)]
.

Îáîçíà÷èì ñóììó â êâàäðàòíûõ ñêîáêàõ êàê

[
e1q

⊤
1 + . . .+ enq

⊤
n

]
, ãäå

q⊤k
.
= e⊤i Q

−1
(
Q′

ζk
Q−1F − 2F ′

ζk

)
.

Âåðíû ðàâåíñòâà e1q
⊤
1 + enq

⊤
n =

[
e1 . . . en

]

︸ ︷︷ ︸
I

[
q⊤1
...

q⊤n

]

=

[
q⊤1
...
q⊤n

]

. Òîãäà

(ζi)
′′
xx = −F⊤Q−⊤






e⊤i Q
−1
(
Q′

ζ1
Q−1F − 2F ′

ζ1

)

...
e⊤i Q

−1
(
Q′

ζn
Q−1F − 2F ′

ζn

)




 . (43)

Òåîðåìà äîêàçàíà.

Ñðàâíèì ðåçóëüòàò ñ óòâåðæäåíèåì òåîðåìû 3.
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Óòâåðæäåíèå 3. Ýëåìåíòû ìàòðèöû (ζi)
′′
xx (43) ñîâïàäàþò ñ âûðàæå-

íèÿìè èç �îðìóëû (12) òåîðåìû 3.

Äîêàçàòåëüñòâî. Èç �îðìóëû (12) òåîðåìû 3 ïîëó÷àåì

(ζi)
′′
xjxk

= −e⊤i Q
−1
{[

a1,k . . . an,k
]
Q−1fj −Q′

xj
Q−1fk

}

= −e⊤i Q
−1
{[

Q′
ζ1
Q−1fk − (fk)

′
ζ1

. . . Q′
ζnQ

−1fk − (fk)
′
ζn

]
Q−1fj

−Q′
xj
Q−1fk

}

. (44)

Ôîðìóëà (43) äàåò

(ζi)
′′
xjxk

= −f⊤
j Q

−⊤

︸ ︷︷ ︸

a⊤








e⊤i Q
−1
(

Q′
ζ1
Q−1fk − 2 (fk)

′
ζ1

)

...

e⊤i Q
−1
(

Q′
ζn
Q−1fk − 2 (fk)

′
ζn

)








︸ ︷︷ ︸

b

.
= a⊤b = b⊤a

= −








e⊤i Q
−1
(

Q′
ζ1
Q−1fk − 2 (fk)

′
ζ1

)

...

e⊤i Q
−1
(

Q′
ζn
Q−1fk − 2 (fk)

′
ζn

)








⊤

Q−1fj

= −
[

e⊤i Q
−1
(

Q′
ζ1
Q−1fk − 2 (fk)

′
ζ1

)

. . . e⊤i Q
−1
(

Q′
ζnQ

−1fk − 2 (fk)
′
ζn

)]

×Q−1fj

= −e⊤i Q
−1
[(

Q′
ζ1
Q−1fk − 2 (fk)

′
ζ1

)

. . . .
(

Q′
ζn
Q−1fk − 2 (fk)

′
ζn

)]

Q−1fj

= −e⊤i Q
−1
[(

Q′
ζ1
Q−1fk − (fk)

′
ζ1

)

. . . .
(

Q′
ζn
Q−1fk − (fk)

′
ζn

)]

Q−1fj

+ e⊤i Q
−1
[
(fk)

′
ζ1

. . . (fk)
′
ζn

]
Q−1fj . (45)

Çäåñü ó÷òåíî, ÷òî êàæäûé ýëåìåíò e⊤i Q
−1
(

Q′
ζm
Q−1fk − 2 (fk)

′
ζm

)

,

m = 1, n , âåêòîðà b ñóòü ñêàëÿð è ïðè òðàíñïîíèðîâàíèè ïåðåõîäèò ñàì

â ñåáÿ.

Äëÿ îòîæäåñòâëåíèÿ �îðìóë (44) è (45) îñòàåòñÿ ïðîâåðèòü ðàâåíñòâî

Q′
xj
Q−1fk =

[
(fk)

′
ζ1

. . . (fk)
′
ζn

]
Q−1fj.

Ñîãëàñíî óòâåðæäåíèþ 1, âîçìîæíà ïåðåñòàíîâêà j è k :
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Q′
xj
Q−1fk =

[
(fj)

′
ζ1

. . . (fj)
′
ζn

]
Q−1fk.

Äëÿ ðàâåíñòâà áóäåò äîñòàòî÷íî óñëîâèÿ

Q′
xj

=
[
(fj)

′
ζ1

. . . (fj)
′
ζn

]
.

Ó÷èòûâàÿ îïðåäåëåíèå

Q
.
= (Fx)′θ = (f1x1 + . . .+ fNxN)

′
θ

=
[
(f1x1 + . . .+ fNxN )

′
ζ1

. . . (f1x1 + . . .+ fNxN)
′
ζn

]

ïðèõîäèì ê ðàâåíñòâó

Q′
xj

=
[
(fj)

′
ζ1

. . . (fj)
′
ζn

]
. (46)

Óòâåðæäåíèå äîêàçàíî.

Äîêàçàòåëüñòâî ëåììû 2. Èñïîëüçóåì íåðàâåíñòâî

‖H‖ 6 ‖H‖F =
√

‖h1‖2 + . . .+ ‖hn‖2.

Ñîãëàñíî (17)

hi =







[
1; ζi; . . . ; ζN−1

i

]
, |ζi| 6 1, i = 1, m,

[

(1/ζi)
N−1 ; (1/ζi)

N−2 ; . . . ; 1
]
, |ζi| > 1, i = m+ 1, n.

Ïî ñóììå ãåîìåòðè÷åñêîé ïðîãðåññèè 1+q+. . .+qN−1 = 1−qN

1−q
äëÿ q = |ζi|2

è q = |1/ζi|2 èìååì

‖hi‖2 =







1−|ζi|2N

1−|ζi|2
< N, |ζi| < 1, i = 1, m,

N, |ζi| = 1, i = 1, m,
1−|1/ζi|

2N

1−|1/ζi|2
< N, |ζi| > 1, i = m+ 1, n.

Çäåñü ìû èñïîëüçîâàëè òîò �àêò, ÷òî �óíêöèÿ

1−αN

1−α
íåïðåðûâíà, ìîíî-

òîííî ðàñòåò ïî α > 0 , â òî÷êå α = 1 ïðèíèìàåò çíà÷åíèå N .

Â èòîãå ‖hi‖2 6 N äëÿ i ∈ 1, n , îòêóäà ñëåäóåò

‖H‖ 6
√

‖h1‖2 + . . .+ ‖hn‖2 6
√
nN.

Ëåììà äîêàçàíà.
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Äîêàçàòåëüñòâî ëåììû 3. Èìååì

‖H ′
i‖ = sup

‖x‖=1

∥
∥
[
0 . . . h′

i . . . 0
]
x
∥
∥ = ‖h′

i‖ ,

‖H ′‖ 6 ‖H ′‖F =
√

‖h′
1‖2 + . . .+ ‖h′

n‖2.
Çäåñü

h′
i =

[
0; 1; 2ζ1; . . . ; (N − 1) ζN−2

i

]
, i = 1, m,

|h′
i| =

[

(N − 1) (1/ζi)
N ; (N − 2) (1/ζi)

N−1 ; . . . ; 2 (1/ζi)
3 ; (1/ζi)

2 ; 0
]

=
[

(N − 1) (1/ζi)
N−2 ; (N − 2) (1/ζi)

N−3 ; . . . ; 2 (1/ζi) ; 1; 0
]
(1/ζi)

2 ,

i = m+ 1, n.

Òîãäà

‖h′
i‖2 =

{

12 + 22|ζi|2 + . . .+ (N − 1)2 |ζi|2(N−2), i ∈ 1, m,
[

12 + 22 |1/ζi|2 + . . .+ (N − 1)2 |1/ζi|2(N−2)
]

|1/ζi|4 , i ∈ m+ 1, n.

(47)

Äëÿ îöåíêè ñâåðõó èññëåäóåì êîíå÷íóþ ñóììó ðÿäà

AN
.
= 12 + 22q + 32q2 + . . .+N2qN−1, |q| 6 1.

Ýòà ñóììà îöåíèâàåòñÿ ÷åðåç èíòåãðàë:

AN <

N
w

0

(t + 1)2 qtdt 6

N
w

0

(t + 1)2 dt =
(N + 1)3 − 1

3
<

(N + 1)3

3
.

Ïðèìåíÿÿ ýòó îöåíêó ê ðÿäàì (47) ñ q = |ζi|2 6 1 èëè q = |1/ζj|2 6 1 ,
ïîëó÷èì

‖h′
i‖2 <

{
N3

3
, i ∈ 1, m,

N3

3
|1/ζi|2 6 N3

3
, i ∈ m+ 1, n.

Îòñþäà ñëåäóåò ‖H ′
i‖ <

√
N3

3
è ‖H ′‖ <

√

nN3

3
. Ëåììà äîêàçàíà.

Äîêàçàòåëüñòâî ëåììû 4. Èç îïðåäåëåíèÿ ñëåäóåò H ′′
i =

[
0 h′′

i 0
]
,

‖H ′′
i ‖ = sup

‖x‖=1

∥
∥
[
0 h′′

i 0
]
x
∥
∥ = ‖h′′

i ‖,

h′′
i =

[
0; 0; 2 · 1; 3 · 2ζi; . . . ; (N − 1) (N − 2) ζN−3

i

]
, i = 1, m,
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h′′
i =












(N − 1)N (1/ζi)
N+1

(N − 2) (N − 1) (1/ζi)
N

...

2 · 3 (1/ζi)4
1 · 2 (1/ζi)3

0












=












(N − 1)N (1/ζi)
N−2

(N − 2) (N − 1) (1/ζi)
N−3

...
2 · 3 (1/ζi)

1 · 2
0












(1/ζi)
3 ,

i = m+ 1, n.

Êâàäðàò íîðìû äàåòñÿ âûðàæåíèÿìè

‖h′′
i ‖2 = 22 + (2 · 3)2 |ζi|2 + . . .+ (N − 2)2 (N − 1)2 |ζi|2(N−3), i = 1, m,

‖h′′
j‖2 =

[

22 + (2 · 3)2 |1/ζj|2 + . . .+ (N − 1)2N2 |1/ζj|2(N−2)
]

|1/ζj|6 ,
j = m+ 1, n.

Äëÿ îöåíêè ñâåðõó èññëåäóåì êîíå÷íóþ ñóììó ðÿäà

BN
.
= (2)2 + (2 · 3)2 + . . .+ ((N − 1)N)2 < 14 + 24 + 34 + . . .+N4.

Ïðàâàÿ ÷àñòü íåðàâåíñòâà îöåíèâàåòñÿ ÷åðåç èíòåãðàë:

14 + 24 + 34 + . . .+N4 <

N
w

0

(t+ 1)4 dt =
(N + 1)5 − 1

5
<

(N + 1)5

5
.

Ïðèìåíÿÿ ê ðÿäàì (47) ñ q = |ζi|2 6 1 èëè q = |1/ζi|2 6 1 , ïîëó÷èì

‖h′′
i ‖2 <

{

BN−1 <
N5

5
, i = 1, m,

BN < (N+1)5

5
|1/ζi|6 6 (N+1)5

5
, i = m+ 1, n.

Îòñþäà ñëåäóåò ‖H ′′
i ‖ = ‖h′′

i ‖ <

√
(N+1)5

5
. Ëåììà äîêàçàíà.
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Äîêàçàòåëüñòâî ëåììû 5. Èç îïðåäåëåíèÿ ñëåäóåò H ′′′
i =

[
0 h′′′

i 0
]
,

‖H ′′
i ‖ = sup‖x‖=1

∥
∥
[
0 h′′

i 0
]
x
∥
∥ = ‖h′′

i ‖ ,

h′′′
i =

[
0; 0; 0; 3 · 2 · 1; 4 · 3 · 2ζi; . . . ; (N − 1) (N − 2) (N − 3) ζN−4

i

]
,

i = 1, m,

|h′′′
j | =












(N − 1)N (N + 1) (1/ζj)
N+2

(N − 2) (N − 1)N (1/ζj)
N+1

...

2 · 3 · 4 (1/ζj)5
1 · 2 · 3 (1/ζj)4

0












=












(N − 1)N (N + 1) (1/ζj)
N−2

(N − 2) (N − 1)N (1/ζj)
N−3

...
2 · 3 · 4 (1/ζj)

1 · 2 · 3
0












× (1/ζj)
4 , j = m+ 1, n.

Îöåíêó ñâåðõó äëÿ êâàäðàòà íîðìû h′′′
i ïîëó÷èì ÷åðåç ñóììó ðÿäà

CN
.
= (1 · 2 · 3) + (2 · 3 · 4)2 + . . .+ ((N − 2) (N − 1)N)2

< 16 + 26 + 36 + . . .+N6.

Ïðàâàÿ ÷àñòü íåðàâåíñòâà îöåíèâàåòñÿ ÷åðåç èíòåãðàë:

1 + 26 + 36 + . . .+N6 <

N
w

0

(t+ 1)6 dt =
(N + 1)7 − 1

7
<

(N + 1)7

7
.

Ïðèìåíÿÿ ê ðÿäàì (47) ñ q = |ζi|2 6 1 èëè q = |1/ζi|2 6 1 , ïîëó÷èì

‖h′′′
i ‖2 <

{

CN−1 <
N7

7
, i = 1, m,

CN+1 <
(N+2)7

7
|1/ζi|2 6 (N+2)7

7
, i = m+ 1, n.

Îòñþäà ñëåäóåò ‖H ′′′
i ‖ = ‖h′′′

i ‖ <

√
(N+2)7

7
. Ëåììà äîêàçàíà.

Äîêàçàòåëüñòâî ëåììû 6. Îáîçíà÷èì H0
.
=





1 ... 1
ζ1 ... ζn
...

...
ζN−1
1 ... ζN−1

n




. Âåðíû

íåðàâåíñòâà

∥
∥
∥

(
H⊤

0 H0

)−1
∥
∥
∥ = λmax

([
H⊤

0 H0

]−1
)

=
1

λmin

(
H⊤

0 H0

) 6
1

λmin (W⊤W )
,

ãäå W =

[ 1 ... 1
...

...
ζn−1
1 ... ζn−1

n

]

� ìàòðèöà Âàíäåðìîíäà è âåðõíÿÿ êëåòêà n×n â

ìàòðèöå H0
.
=

[
W
H̄

]
. Êëþ÷åâîå íåðàâåíñòâî îñíîâàíî íà îöåíêå
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λmin

(
H⊤

0 H0

)
> λmin

(
W⊤W

)
, êîòîðàÿ âûòåêàåò èç ñîîòíîøåíèé

λmin

(
H⊤

0 H0

)
= λmin

(
W⊤W + H̄⊤H̄

)
= inf

x 6=0

x⊤
(
W⊤W + H̄⊤H̄

)
x

x⊤x

> inf
x 6=0

x⊤W⊤Wx

x⊤x
+ inf

y 6=0

y⊤H̄⊤H̄y

y⊤y
> inf

x 6=0

x⊤W⊤Wx

x⊤x
= λmin

(
W⊤W

)
.

Âåðíî íåðàâåíñòâî

λmin

(
W⊤W

)
>

∏

16i<j6n (ζi − ζj)
2

[λmax (W⊤W )]n−1 ,

êîòîðîå ñëåäóåò èç âûðàæåíèÿ äëÿ îïðåäåëèòåëÿ Âàíäåðìîíäà

detW =
∏

16i<j6n

(ζj − ζi)

è ñâÿçàííûõ ñ íèì ðàâåíñòâ

detW⊤W = λmin

(
W⊤W

)
. . . λmax

(
W⊤W

)
=

∏

16i<j6n

(ζi − ζj)
2 .

Îòñþäà ïîëó÷àåì

∥
∥
∥

(
H⊤

0 H0

)−1
∥
∥
∥ 6

[
λmax

(
W⊤W

)]n−1

∏

16i<j6n (ζi − ζj)
2 .

Èç ëåììû 2 ñëåäóåò îöåíêà ñâåðõó äëÿ íàèáîëüøåãî ñîáñòâåííîãî ÷èñëà

λmax

(
W⊤W

)
= ‖W‖2 6 n2.

Òîãäà

∥
∥
∥

(
H⊤

0 H0

)−1
∥
∥
∥ 6

[

nn−1

∏

16i<j6n (ζi − ζj)

]2

.

Ïåðåéäåì ê îöåíêå íîðìû

∥
∥
∥

(
H⊤H

)−1
∥
∥
∥ äëÿ ìàòðèöû H (17), èñïîëüçóÿ

ðàâåíñòâî H = H0D ,

D
.
=








Im 0
ζN−1
m+1

. . .

0 ζN−1
n







.
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Èìååì

∥
∥
∥

(
H⊤H

)−1
∥
∥
∥ =

∥
∥
∥D
(
H⊤

0 H0

)−1
D
∥
∥
∥ 6 ‖D‖2

∥
∥
∥

(
H⊤

0 H0

)−1
∥
∥
∥ .

Ó÷èòûâàÿ ñîîòíîøåíèÿ |ζi| 6 1 < |ζj| äëÿ i = 1, m , j = m+ 1, n , ìîæåì
íàïèñàòü ‖D‖ = max16i6n |ζi|N−1

. Òîãäà

∥
∥
∥

(
H⊤H

)−1
∥
∥
∥ 6

(

max
16i6n

|ζi|N−1

)2 ∥
∥
∥

(
H⊤

0 H0

)−1
∥
∥
∥ 6

[

nn−1max16i6n |ζi|N−1

∏

16i<j6n (ζi − ζj)

]2

6

[

nn−1maxi |ζi|N−1

{min16i<j6n (ζi − ζj)}
n(n−1)

2

]2

.

Â ïîñëåäíåì íåðàâåíñòâå ó÷òåíî, ÷òî ÷èñëî ñîìíîæèòåëåé â çíàìåíàòåëå

ðàâíî

(n− 1) + (n− 2) + . . .+ 1 =
n (n− 1)

2
.

Ëåììà äîêàçàíà.

Äîêàçàòåëüñòâî ëåììû 7. Èìååì

Π′
ζi
=H ′

i

(
H⊤H

)−1
H⊤ +H

(
H⊤H

)−1
H ′⊤

i

−H
(
H⊤H

)−1 (
H ′⊤

i H +H⊤H ′
i

) (
H⊤H

)−1
H⊤.

Òîãäà

∥
∥Π′

ζi

∥
∥ 6 2 ‖H ′

i‖ ‖H‖
∥
∥
∥

(
H⊤H

)−1
∥
∥
∥+ 2 ‖H‖3 ‖H ′

i‖
∥
∥
∥

(
H⊤H

)−1
∥
∥
∥

2

= 2 ‖H ′
i‖ ‖H‖

∥
∥
∥

(
H⊤H

)−1
∥
∥
∥

(

1 + ‖H‖2
∥
∥
∥

(
H⊤H

)−1
∥
∥
∥

)
.
= 2η0η1µ

(
1 + µη20

)
.

Ñ ó÷åòîì ëåìì 2 è 3

∥
∥Π′

ζi

∥
∥ .
= π1 6 2µη0η1

(
1 + αη20

)
.

Ëåììà äîêàçàíà.
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Äîêàçàòåëüñòâî ëåììû 8. Âåðíû ñîîòíîøåíèÿ

∥
∥
∥Π′′

ζiζj

∥
∥
∥ =

∥
∥
∥
∥

[

H ′
i

(
H⊤H

)−1
H⊤ +H

(
H⊤H

)−1
H ′⊤

i −

− H
(
H⊤H

)−1 (
H ′⊤

i H +H⊤H ′
i

) (
H⊤H

)−1
H⊤
]′

ζj

∥
∥
∥
∥

6 2

∥
∥
∥
∥

[

H ′
i

(
H⊤H

)−1
H⊤
]′

ζj

∥
∥
∥
∥
+ 2

∥
∥
∥
∥

[

H
(
H⊤H

)−1
H⊤H ′

i

(
H⊤H

)−1
H⊤
]′

ζj

∥
∥
∥
∥

6 2
(

δijµ ‖H ′′
i ‖ ‖H‖+ β ‖H ′

i‖ ‖H‖+ µ ‖H ′
i‖

2
)

+ 2
(

δijµ
2 ‖H ′′

i ‖ ‖H‖3 + 2µβ ‖H ′
i‖ ‖H‖3 + 3µ2 ‖H ′

i‖
2 ‖H‖2

)

.

Çäåñü µ
.
=
∥
∥
∥

(
H⊤H

)−1
∥
∥
∥ , β

.
=

∥
∥
∥
∥

[(
H⊤H

)−1
]′

ζj

∥
∥
∥
∥
6 2µ2 ‖H ′

i‖ ‖H‖ .
Çàìåíÿÿ β îöåíêîé ñâåðõó, ïîëó÷èì

∥
∥
∥Π′′

ζiζj

∥
∥
∥ 6 2µ

(

δij ‖H ′′
i ‖ ‖H‖+ 2µ ‖H ′

i‖
2 ‖H‖2 + ‖H ′

i‖
2
)

+ 2µ2 ‖H‖2
(

δij ‖H ′′
i ‖ ‖H‖+ 4µ ‖H ′

i‖
2 ‖H‖2 + 3 ‖H ′

i‖
2
)

.

Ïîñëå ïåðåãðóïïèðîâêè ñëàãàåìûõ

∥
∥
∥Π′′

ζiζj

∥
∥
∥ 6 2µδij ‖H ′′

i ‖ ‖H‖
(
1 + µ ‖H‖2

)

+ 4µ2 ‖H ′
i‖

2 ‖H‖2
(
1 + 2µ ‖H‖2

)
+ 2µ ‖H ′

i‖
2 (

1 + 3µ ‖H‖2
)
.

Ëåììà äîêàçàíà.

Äîêàçàòåëüñòâî ëåììû 10. Âåðíû ðàâåíñòâà

Q =
[
F ′
ζ1
x . . . F ′

ζn
x
]
,

Q′
ζi
=
[
F ′′
ζ1ζi

x . . . F ′′
ζnζi

x
]
=
[
(Fx)′′ζ1ζi . . . (Fx)′′ζnζi

]
,

F = H ′⊤ [I −ΠH ] ,

(Fx)′ζi = H ′′⊤
i [I − ΠH ] x+H ′⊤ (−ΠH)

′
ζi
x,

(Fx)′′ζiζj = δijH
′′′⊤
i [I − ΠH ] x+H ′′⊤

i (−ΠH)
′
ζj
x (48)

+ δijH
′′⊤
i (−ΠH)

′
ζi
x+H ′⊤ (−ΠH)

′′
ζiζj

x.
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Ñëåäîâàòåëüíî, ïîìèìî ïîëó÷åííîãî ðàíåå íóæíà îöåíêà íîðìû∥
∥
∥Π′′

ζiζj

∥
∥
∥

.
= π2 (ñì. ëåììó 8).

∥
∥Q′

ζi

∥
∥ 6

∥
∥Q′

ζi

∥
∥
F
= ‖x‖

√
∥
∥F ′′

ζ1ζi

∥
∥2 + . . .+

∥
∥F ′′

ζnζi

∥
∥2,

∥
∥
∥F ′′

ζiζj

∥
∥
∥ 6 δij

(
‖H ′′′

i ‖+ ‖H ′′
i ‖
∥
∥Π′

ζi

∥
∥
)
+ ‖H ′′

i ‖
∥
∥Π′

ζi

∥
∥+ ‖H ′‖

∥
∥
∥Π′′

ζiζj

∥
∥
∥

.
= δij (η3 + η2π1) + η2π1 + η01π2.

Òîãäà

∥
∥Q′

ζi

∥
∥ 6 ‖x‖

√
∥
∥F ′′

ζ1ζi

∥
∥
2
+ . . .+

∥
∥F ′′

ζnζi

∥
∥
2

6 ‖x‖
√

[(η3 + η2π1) + η2π1 + η01π2]
2 + (n− 1) [η2π1 + η01π2]

2

= ‖x‖ (η2π1 + η01π2)

√

(n− 1) +

[
(η3 + η2π1)

(η2π1 + η01π2)
+ 1

]2

.

Ëåììà äîêàçàíà.

Äîêàçàòåëüñòâî ëåììû 9. Îáîçíà÷èì qi i -é ñòîëáåö îáðàòíîé ìàò-

ðèöû Q−1
. Èç ðàâåíñòâà (Q +∆Q) (Q−1 +∆Q−1) = I ñëåäóåò

(Q +∆Q) (qi +∆qi) = ei.

Èìååò ìåñòî íåðàâåíñòâî [20, ñ. 180℄ ‖∆qi‖ 6
‖Q−1‖‖∆Q‖

1−‖Q−1‖‖∆Q‖
‖qi‖ . Îòñþäà ïî-

ëó÷àåì

∥
∥∆Q−1

∥
∥ 6

‖Q−1‖ ‖∆Q‖
1− ‖Q−1‖ ‖∆Q‖

∥
∥Q−1

∥
∥
F
6

‖Q−1‖F ‖∆Q‖
1− ‖Q−1‖F ‖∆Q‖

∥
∥Q−1

∥
∥
F

=
‖∆Q‖

κ−1 − ‖∆Q‖κ.

Ëåììà äîêàçàíà.

Äîêàçàòåëüñòâî ëåììû 11. Çàïèøåì óðàâíåíèå (28) â âèäå

y =

(
α

β − y
+ γ

)

ε.

1. Ñ ó÷åòîì (27) âåðíî y < β . �àâíîñèëüíîå óðàâíåíèå

y2 − (β + γε) y + αε+ βγε =

[

y − (β + γε)

2

]2

− (β + γε)2

4
+ (α + βγ) ε

= 0
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èìååò íàèìåíüøèé êîðåíü

y1 =
(β + γε)

2
−

√

(β + γε)2

4
− (α + βγ) ε.

�àññìîòðèì çàâèñèìîñòü y1(ε ). Óñëîâèåì ðàçðåøèìîñòè óðàâíåíèÿ ÿâëÿ-

åòñÿ íåîòðèöàòåëüíîñòü äèñêðèìèíàíòà:

(β+γε)2

4
− (α + βγ) ε > 0. Îáîçíà-

÷èì

a
.
=

α

γ2
, b

.
=

β

γ
,

ïîëó÷èì íåðàâåíñòâî (ε+ b)2−4 (a+ b) ε > 0. Äèñêðèìèíàíò íåîòðèöàòå-
ëåí ïðè ε 6 ε1 èëè ε > ε2 ,

ε1,2 = (2a + b)∓
√

(2a+ b)2 − b2 =
β

γ

(

ϕ∓
√

ϕ2 − 1
)

, ϕ
.
= 2

α

βγ
+ 1.

Ââèäó î÷åâèäíîãî ñîîòíîøåíèÿ ε2 = β
γ

(

ϕ +
√

ϕ2 − 1
)

> β
γ
, çíà÷åíèÿ

ε > ε2 õîòÿ �îðìàëüíî è îáåñïå÷èâàþò ðàçðåøèìîñòü óðàâíåíèÿ (28),

íî íå ðàññìàòðèâàþòñÿ â êà÷åñòâå äîïóñòèìûõ ââèäó âòîðîãî íåðàâåíñòâà

â (27).

2. Âòîðàÿ ÷àñòü ëåììû ýëåìåíòàðíà.

3. Äîêàæåì íåðàâåíñòâî ε1 <
β
γ

1
ϕ
< β

γ
. Èç íåãî áóäåò ñëåäîâàòü

y(ε1) =
(β + γε1)

2
< β

(

1− α

βγϕ

)

,

è òåì ñàìûì ëåììà áóäåò äîêàçàíà.

Èìååì ε1 = β
γ

(

ϕ−
√

ϕ2 − 1
)

, ϕ
.
= 2 α

βγ
+ 1 > 0. Òîãäà íåðàâåíñòâî

ε1 <
β
γ

1
ϕ
ðàâíîñèëüíî íåðàâåíñòâàì

ϕ−
√

ϕ2 − 1 <
1

ϕ
⇔ ϕ2 − 1 < ϕ

√

ϕ2 − 1 ⇔ 0 < ϕ−
√

ϕ2 − 1.

Ïîñëåäíåå íåðàâåíñòâî âåðíî, çíà÷èò, ε1 < β
γ

1
ϕ
, y(ε1) < β

(

1− α
ϕβγ

)

, è

ëåììà äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 5. Âûïîëíèì ñèíãóëÿðíîå ðàçëîæåíèå

V̂1 = PSQ, P⊤P = I, Q⊤Q = I, S = diag [σ1, . . . , σn] .
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Ñëåäñòâèåì (34) áóäóò óðàâíåíèÿ

SQα̂ = −P⊤v̂,
(

SQ + P⊤∆V̂1

)

(α̂ +∆α̂) = −P⊤ (v̂ +∆v̂) , (49)

â êîòîðûõ ìàòðèöà SQ êâàäðàòíàÿ íåîñîáåííàÿ. Äàëåå ìîæíî ðàññóæ-

äàòü ñëåäóÿ [20, ñ. 180℄. Íàëîæèì óñëîâèå

‖Q⊤S−1P⊤∆V̂1‖ < ‖I‖ = 1,

ïðè êîòîðîì ñóùåñòâóåò îáðàòíàÿ

(

SQ+ P⊤∆V̂1

)−1

=
(

I +Q⊤S−1P⊤∆V̂1

)−1

Q⊤S−1.

Èç (49) ïîëó÷èì

(

SQ+ P⊤∆V̂1

)

∆α̂ = −
(

SQ+ P⊤∆V̂1

)

α̂− P⊤ (v̂ +∆v̂) ,

èëè

∆α̂ =
(

I +Q⊤S−1P⊤∆V̂1

)−1

Q⊤S−1
(

−P⊤∆V̂1 · α̂− P⊤∆v̂
)

.

Îòñþäà ïîëó÷àåì îöåíêó

‖∆α̂‖ 6
‖S−1P⊤∆V̂1‖ · ‖α̂‖+ ‖S−1P⊤∆v̂‖

1− ‖S−1P⊤∆V̂1‖
6 σ−1

min ·
‖∆V̂1‖ · ‖α̂‖+ ‖∆v̂‖
1− σ−1

min · ‖∆V̂1‖
,

êîòîðàÿ ñóùåñòâóåò ïðè óñëîâèè σ−1
min · ‖∆V̂1‖ < 1 .

Ó÷òåì íåðàâåíñòâà ‖∆V̂1‖ 6 ‖∆V̂ ‖ , ‖∆v̂‖ 6 ‖∆V̂ ‖ :

‖∆α̂‖ 6 ρ · ‖∆V̂ ‖ · ‖α̂‖+ 1

1− ρ · ‖∆V̂ ‖
, ρ

.
= σ−1

min = λ
−1/2
min

(

V̂ ⊤
1 V̂1

)

.

Ïåðåéäåì ê îòíîñèòåëüíûì âåëè÷èíàì.

ρ = λ
−1/2
min

(

V̂1

‖V̂ ‖

⊤
V̂1

‖V̂ ‖
· ‖V̂ ‖2

)

= ‖V̂ ‖−1λ
−1/2
min

(

V̂1

‖V̂ ‖

⊤
V̂1

‖V̂ ‖

)

.
= ‖V̂ ‖−1ρ,

‖∆α̂‖
‖α̂‖ 6 ρ · ‖∆V̂ ‖

‖V̂ ‖
· 1 + 1/‖α̂‖
1− ρ · ‖∆V̂ ‖

‖V̂ ‖

.

Äëÿ âåëè÷èí εα̂
.
= ‖∆α̂‖

‖α̂‖
, εx

.
= ‖∆V̂ ‖

‖V̂ ‖
, ρ = λ

−1/2
min

(
V̂1

‖V̂ ‖

⊤
V̂1

‖V̂ ‖

)

ïîëó÷èëè ãà-

ðàíòèðîâàííóþ îöåíêó ñâåðõó

εα̂ 6 ρεx ·
1 + 1/‖α̂‖
1− ρεx

.

Òåîðåìà äîêàçàíà.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 1, C. 96-138

Mat. Trudy, 2024, vol. 27, no. 1, pp. 96-138



134 Î ëîêàëüíîé óñòîé÷èâîñòè â ïîëíîé çàäà÷å Ïðîíè

� 10. Ñïèñîê îáîçíà÷åíèé

ε
.
= εx‖x‖, �îðìóëà (7)

η0
.
= ‖H‖ 6

√
nN, ëåììà 2

η01
.
= ‖H ′‖ 6

√
nN3

3
, ëåììà 3

η1
.
= ‖H ′

i‖ 6
√

N3

3
, ëåììà 3

η2
.
= ‖H ′′

i ‖ 6

√
(N+1)5

5
, ëåììà 4

η3
.
= ‖H ′′′

i ‖ 6

√
(N+2)7

7
, ëåììà 5

µ
.
=
∥
∥
∥

(
H⊤H

)−1
∥
∥
∥ 6

[

nn−1maxi |ζi|N−1

{min16i<j6n (ζi − ζj)}
n(n−1)

2

]2

, ëåììà 6

π1
.
=
∥
∥Π′

ζi

∥
∥ , �îðìóëà (18)

π2
.
=
∥
∥
∥Π′′

ζiζj

∥
∥
∥ , ëåììà 8

ϕ1
.
=
∥
∥F ′

ζi

∥
∥ 6 η2 + η01π1, �îðìóëà (19)

κ1
.
=
∥
∥Q′

ζi

∥
∥ , ëåììà 10

κ
.
= ‖Q−1‖F , ñòð. 107

α
.
= nκ1η01, β

.
= κ

−1, γ
.
= n2ϕ1 �îðìóëà (29)

ϕ
.
= 2

α

βγ
+ 1, �îðìóëà (30)

c2
.
=

√
nη01

2
(

α
γϕ

)2




κ1η01
(

α
γϕ

) + 2ϕ1



 . �îðìóëà (32)
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